Class XII Chapter 5 - Continuity and Differentiability

Maths

2 Sx—3
Prove that the function / ( \) > is continuous

at¥ = 0,at x =—3and at x = 5. Answer

The given function is f'(x) = 5x -3
Atx=0,1(0)=5x0-3=3

lim 7/(x)= I‘im(.ix -3)=5x0-3=-3

< lim S(x)=£(0)

Therefore, fis continuous at x = 0
Atx=-3, f(-3)=5x(-3)-3=-18

lim f(x)= 'liEn}(S.\'—B) =5x(-3)-3=-18
- lim £ (x)= £(-3)

Therefore, fis continuous at x = —3
Atx=5,1(x)=r(5)=5x5-3=25-3=22
Ij'}} Fx)= l‘lm (5x-3)=5x5-3=22

l\im f(x)=r£(5)

Therefore, f is continuous at x = 5

(x)=2x*-1atx=3
Examine the continuity of the function / ( \) .

Answer

The given function is f'(x)=2x" -1
Atx=3,1(x)=f(3)=2x3-1=17
lim f(x) = lim(2x* ~1) =2x3" ~1=17
~lim £ (x) = £(3)

Thus, f is continuous at x = 3
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Examine the following functions for continuity.

: e
(a) ,/'(.\‘):.\'—S(b) flx)= '\'_5,.\,-5
WNE i’ PO
(c) fx)= x+5 e D(d)

J(x)= "“_5 Answer

(a) The given function is/ (x)=x-5

It is evident that f is defined at every real number k and its value at k is k — 5.

lim f(x)=lim(x-5)=k-5= (k)

It is also observed that, *** et

s lim £ (x) = £ (k)

He‘nZe, f is continuous at every real number and therefore, it is a continuous function.

f(x)=— - x%5
(b) The given function is X—2

For any real number k # 5, we obtain
SR : 1 1
lim f(x)=lim——=——
vk >k xX—=5 k o

=5

Wi

Also,f(k)zk (Ask#5)

lin} f(x)=f(k)
Hence, f is continuous at every point in the domain of f and therefore, it is a
continuous function.

. x*=25

F(x)=""2 s
(c) The given function is X+3

N

For any real number c # —5, we obtain
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:_%5 (.\‘+5)(-§"5)

=i =lim(x-5)=(c-5
I SRR

O

Also, f(¢) = (o)) =(c-5) (ase#-5)

S

C=
~Aim f(x)= £ ()
Hence, f is continuous at every point in the domain of f and therefore, it is a
continuous function.

[5 -x,ifx<5

l.\'— 5,i1fx=25

£ (x)=|x=5/=-
(d) The given function is
This function f is defined at all points of the real line.

Let c be a point on a real line. Then, c< 5o0orc=50rc>5
Casel:c<5

Then, f(c)=5-c

lim f(x)=lim(5-x)=5-¢

~im f(x) = f(c)

Therefore, f is continuous at all real numbers less than 5.
Casell:c=5

Then, f(e)=r(5)=(5-5)=0

lim f(x)=lim(5-x)=(5-5)=0
lim f(x)=lim(x-5)=0
< lim f(x) = lim £(x) =/ (c)

Therefore, f is continuous at x = 5

Caselll: c>5

Then, f(c)= f(5)=c-5

Lh

im / (x) = lim(x~5) = -

~im f(x) = 1 (c)
Therefore, f is continuous at all real numbers greater than 5.
Hence, f is continuous at every real number and therefore, it is a continuous function.
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f(x)=x"

Prove that the function is continuous at x = n, where n is a positive
integer. Answer
The given function is f (x) = x"

It is evident that f is defined at all positive integers, n, and its value at n is n".

Then, lim f(n)=1lim(x")=n"
x—n X3 /

sAim f(x)= f(n)

x—n

Therefore, f is continuous at n, where n is a positive integer.

Is the function f defined by

o [x, ifx<1

F=1s, ifx>1

continuous at x = 0? At x = 1? At x =
2?7 Answer

[x, ifx<]

3 lq ifx>1

£(x)
The given function f is

At x =0,

It is evident that f is defined at 0 and its value at 0 is 0.

Then, lim f(x)= limx=0

x— x—=0

slim f(x)=£(0)

Therefore, fis continuous at x = 0
Atx =1,

f is defined at 1 and its value at 1 is
1. The left hand limit of fat x = 1 is,

lim f(x)= limx =1

x|

The right hand limit of fat x = 1 is,
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lim f(x)= l@nll(S) 5

X

s dim f(x)# lim f(x)

r—»l >
Therefore, f is not continuous at x = 1
At x = 2,
f is defined at 2 and its value at 2 is 5.

Then, lim f(x)=lim(5)=5

~lim £ (x)=f(2)

Therefore, fis continuous at x = 2

Find all points of discontinuity of f, where f is defined by
i [2.\' +3, ifx<2
X)=
7 (x) ] 2x=3, ifx>2

Answer

, [2,\' +3, ifx<2
! i . 'f('\‘)=]7\'~3 ifx>2
The given function f is e ST
It is evident that the given function f is defined at all the points of the real
line. Let ¢ be a point on the real line. Then, three cases arise.

(i)c< 2

(i) ec>2

(iii) c=2

Case (i)c< 2

Then, f(¢)=2c+3

lim f(x)=1lim(2x+3)=2c+3
~im f(x) = f(¢)

Therefore, f is continuous at all points x, such that x < 2

Case (ii)c> 2
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Then, f(c)=2c-3

lim f (x) = lim (2x~3) = 2¢ -3

~lim £ (x)= £ (c)

Therefore, f is continuous at all points x, such that x > 2

Case (iii)c= 2

Then, the left hand limit of fat x = 2 is,

lim f(x)=lim(2x+3)=2x2+3=7

The right hand limit of fat x = 2 is,

lim f(x)=lim(2x-3)=2x2-3=1

It is observed that the left and right hand limit of f at x = 2 do not

coincide. Therefore, f is not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by

.\" +3,ifx<-3

fx) =} -2x,if -3<x<3

6x+2,ifx=3

Answer

The given function f is
The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <=3, thenf(c)=—c+3
lim f(x)=lim(-x+3)=~c+3

l.i,T f(x)=r(c)
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Therefore, f is continuous at all points x, such that x < =3
Case II:

If ¢ =-3, thenf(-3)=-(-3)+3=6

lim f (x)= lim (—x+ 3)=-(-3)+3=6

_Iiﬁné f(x)= "Iiin.]‘ (-2x)=-2x(-3)=6

lnm f'[\): !(—1)

Therefore, fis continuous at x = —3

Case III:

If —-3<¢<3, thenf(c)=-2c and l‘ill‘l_ f(x)= Ilil}](—Z.\‘i) =-2¢
wlim £ (x)= f(c)

Therefore, f is continuous in (=3, 3).

Case 1V:
If ¢ = 3, then the left hand limit of fat x = 3 is,

lim f/(x)=lim(-2x)=-2x3=-6

The right hand limit of fat x = 3 is,

lim f(x)=lim(6x+2)=6x3+2=20

It is observed that the left and right hand limit of f at x = 3 do not

coincide. Therefore, f is not continuous at x = 3
Case V:

If ¢ >3, thenf(c)=6¢c+2 and lim f(x)=lim(6x+2)=6c+2
~dim f(x)=f(c)
Therefore, f is continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by
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".‘.:
‘— ifx#0
f(x)=1 x
]0, ifx=0
Answer
“v ifx=0
Plifx#
/(\ ) =1 X
The given function fis 0, if x=0
v<0=|x]=-xandx>0=|x|=x

It is known that,”
Therefore, the given function can be rewritten as

A
X X
f(x)=10, ifx=0
lﬂ: * o I, ifx>0
X X

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If ¢ <0, thenf(c)=-1

lim £ (x) = lim(~1) = -1

sim f(x) = f(e)
Therefore, f is continuous at all points x < 0

Case II:

If c = 0, then the left hand limit of fat x = 0 is,

lim f(x)=lim(-1)=-1

x>0 a0

The right hand limit of fat x = 0 is,

lim /(x)=lim(1)=1

It is observed that the left and right hand limit of f at x = 0 do not

coincide. Therefore, f is not continuous at x = 0
Case III:




If ¢ >0, thenf(c)=1
lim f(x)=lim(1) =1
lim £ (x) = 7(c)

Therefore, f is continuous at all points x, such that x > 0

Hence, x = 0 is the only point of discontinuity of f.

Find all points of discontinuity of f, where f is defined by

JL ifx<0
E

/(\) ) l— L ifx=0

Answer

: JL ifx<0
S(x)= 4“‘
|

The given function f is -1, ifx=0

y i .
It is known that, x<0= ]'\‘ 2

Therefore, the given function can be rewritten as

. ] X=X = 1,ifx<0
f(x)=1]x -x
]—l, ifx=0

= f(x)=-1forallxeR

lim f(x)=lim(=1)=-I
Let c be any real number. Then, *7>¢ XL
f(e)==1=lim f(x)

Also, A

Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by




» [.r+ 1, ifx>1
/ (‘) 3 ]\ +1, ifx <1

Answer

£() :J.r+l. ifx=1

The given function fis 1‘ +1, ifx<l

The given function f is defined at all the points of the real line.
Let c be a point on the real line.
Case I:

If ¢ <1, then f(¢)=c’ +1 and lim //(x) = l‘ijll(x: +1)=c* +1
<. lim S (x)=f(¢)

Therefore, f is continuous at all points x, such that x < 1
Case II:

Ife=1, thenf(c)= f(1)=1+1=2

The left hand limit of fat x = 1 is,

lim /(x) = Ilﬂ\(x +1)=1P+1=2

The right hand limit of fat x = 1 is,

Imlm J(x)= !in}x}x(x+ )=1+1=2

I‘ilz] Lix)=1(1)

Therefore, f is continuous at x = 1

Case III:

Ifc>1, thenf(c)=c+]I
lim f (x)=lim(x+1)=c+1
clim f(x) = f(e)

Therefore, f is continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by




[+ -3, ifx<2

f(x) 4
( l\ +1, ifx>2
Answer
o [ -3 ifx <2
e[
The given function f is x“+1, ifx>2

The given function f is defined at all the points of the real line.
Let c be a point on the real line.
Case I:

If ¢ <2, thenf(c)=c'-3and lim f(x)=lim(x’ -3)=c"-3
~lim £ (x)= f(e)

Therefore, f is continuous at all points x, such that x < 2
Case II:

Ife=2, thenf(c)= f(2)=2"-3=5

lim f(x)=lim(x'-3)=2"-3=5

lim £ (x)= lim (x* +1)=2" +1=5

=2

lin! f(x)=1(2)

Therefore, f is continuous at x = 2
Case III:

[fc>2, thenf(c)=c" +1

lim f(x) = lim(x*+1)=c* +1

wlim f(x)= f(c)

Therefore, f is continuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real
line. Hence, f has no point of discontinuity.

Find all points of discontinuity of f, where f is defined by




R0 7
|_r '—1, ifx <1

f (\) = ’l "_3. o
Answer

/‘(\,)ﬁjx‘“ -1, ifx<1
The given function f isA ‘ l""‘- ifx>1

The given function f is defined at all the points of the real line.
Let c be a point on the real line.
Case I:

Ife <, thenf(c)=c"~1and lim f(x)=1lim(x" -1)=¢" -1
slim f(x) = f(c)
Therefore, f is continuous at all points x, such that x < 1

Case II:

If ¢ = 1, then the left hand limit of fat x = 1 is,

lim f(x)=lim(x""=1)=1"-1=1-1=0

x—l x—1 g

The right hand limit of fat x = 1 is,

lim /(x)=lim(x*)=1" =1

sl r—»1"

It is observed that the left and right hand limit of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case III:

Ifc>1, then f(c)=c"

lim / (x) = lim(x* ) = ¢’

~lim £ (x)= /£ (c)

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point
of discontinuity of f.

Is the function defined by




7(x) I.\'+5. ifx<l
xX)=
' 1'\'~5. ifx>1

a continuous

function? Answer

[.\'+5. ifx<li

f(x)= 1x -5, ifx>1

The given function is
The given function f is defined at all the points of the real line.

Let c be a point on the real line.
Case I:

Ife <1, thenf(c)=c+5 and |(ill1 f(x)= Ilillm(.r+ 5)=c+5

IliT f(x)=f(c)

Therefore, f is continuous at all points x, such that x < 1

Case II:

Ifc=1, thenf(1)=1+5=6

The left hand limit of fat x = 1 is,

!i[]ll f(x)= !il}] (x+5)=1+5=6

The right hand limit of fat x = 1 is,

lim f(x)= lim (x—5)=1-5=—4

It is observed that the left and right hand limit of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case III:

Ife>1, thenf(¢)=c-5and lim f(x)=lim(x-5)=c-5
sim f(x)= f(c)
Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observation, it can be concluded that x = 1 is the only point
of discontinuity of f.




Discuss the continuity of the function f, where f is defined by
J3, if0<x<l

f(x)=44, ifl<x<3
lS. if3<x<10

Answer
J.%, if0<x<l

f(x)= l4 ifl<x<3

5, if3<x<
The given function is - 2L

The given function is defined at all points of the interval [0, 10].
Let c be a point in the interval [0, 10].
Case I:

If0<c<l, thenf(c)=3and l|_|31f(\) = Ilm(3) =3

l‘ilp f(x)=1(c)

Therefore, f is continuous in the interval [0, 1).

Case II:

If e =1, thenf(3)=3

The left hand limit of fat x = 1is,

iy Gl = i) =3

The right hand limit of fat x = 1 is,

lim /'(x)=lim (4)=4

It is observed that the left and right hand limits of f at x = 1 do not

coincide. Therefore, f is not continuous at x = 1
Case III:

If 1<c<3. thenf(c)=4 and I\_ilpf(.\') = l\ﬁr)n(-i) =4

wim f(x)=f(c)

Therefore, f is continuous at all points of the interval (1, 3).
Case IV:

If ¢ =3, thenf(c)=5




The left hand limit of f at x = 3 is,

lim f(x)=lim(4)=4

The right hand limit of fat x = 3 is,

lim f(x)=1lim(5)=5

It is observed that the left and right hand limits of f at x = 3 do not

coincide. Therefore, f is not continuous at x = 3
Case V:

If 3<c<10, thenf(c)=5and lim f(x)=1im(5) =5
lim f(x) = f(c)

Therefore, f is continuous at all points of the interval (3, 10].

Hence, fis not continuous at x = 1 and x = 3

Discuss the continuity of the function f, where f is defined by
[2.\‘. ifx<0

f(x)=40, if0<x<]
]\4.\‘, ifx>1

Answer
JZ.\'. ifx<0

0, if0<x<l
‘\4.\‘, ifx>1

f(x)=
The given function is
The given function is defined at all points of the real line.

Let c be a point on the real line.
Case I:

If e <0, thenf(c)=2¢
lim f'(x)=lim(2x)=2c
slim f(x)=f(c)

Therefore, f is continuous at all points x, such that x < 0




Case II:

Ife=0, thenf(c)=f(0)=0

The left hand limit of fat x = O is,
\In? f(x)= In? (2x)=2x0=0

The right hand limit of fat x = 0 is,
i) = i) =0

Ilim f(x)=7r(0)

Therefore, fis continuous at x = 0
Case III:

If0<c<l, thenf(x)=0and l‘il;n f(x)= I.-ill](o) =0

Irilp f(x)=f(c)

Therefore, f is continuous at all points of the interval (0, 1).
Case 1V:

Ife=1, then /' (¢)=f(1)=0

The left hand limit of fat x = 1 is,

Impla) =l (0) =0

The right hand limit of fat x = 1 is,

!T.] f(x)= }TI] (4x)=4x1=4

It is observed that the left and right hand limits of f at x = 1 do not
coincide. Therefore, f is not continuous at x = 1
Case V:

Ife <], thenf(c) =4¢ and I‘imf(.\') =lim (4x) =4c
sim f(x)= f(¢)
Therefore, f is continuous at all points x, such that x > 1

Hence, f is not continuous only at x = 1

Discuss the continuity of the function f, where f is defined by




l -2, ifx<-1

f(x)=42x, if -1<x<1
2, ifx>1
Answer
"—2, ifx<—1
f(x)=12x, if -1<x<1
’kZ. ifx>1

The given function f is

The given function is defined at all points of the real line.
Let c be a point on the real line.
Case I:

If c < -1, then f(c)=-2 and l\ir}jf(.r)z I‘_iIP( 2)==-2

|‘il"ll'| f(x)=1(c)

Therefore, f is continuous at all points x, such that x < —1
Case II:

Ife=-1, thenf(c)=f(-1)=-2

The left hand limit of fat x = —1 is,

lim flx)= lim (-2)=-2

The right hand limit of fat x = -1 is,

lim £ (x)= lim (2x)=2x(-1)=-2
- lim £ ()= 7 (-1)

Therefore, f is continuous at x = —1
Case III:

If —-1<ec<], thenf(c)=2¢

lim f(x)=lim(2x)=2c

sim f(x)=f(c)

Therefore, f is continuous at all points of the interval (-1, 1).
Case 1V:




Ife=1, thenf(c)=f(1)=2x1=2
The left hand limit of fat x = 1 is,
lim Fx)= lim (2x)=2x1=2

The right hand limit of fat x = 1 is,

lim /' (x)=lim2=2

< lim f(x)=f(c)

Therefore, fis continuous at x = 2
Case V:

If ¢ >1, thenf(¢) =2 and lim f(x)=lim(2) =2
T

Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observations, it can be concluded that f is continuous at all
points of the real line.

Find the relationship between a and b so that the function f defined by
[u.\' +1, ifx<3
f(x)= o
/(%) 1/)_“ 3,ifx>3
is continuous at x =

3. Answer

_ ax+1, ifx<3
PRl {/)\'»a 3, ifx>3

The given function f is L ZAE Fo e

If f is continuous at x = 3, then




lim /(x) = lim 7(x) = 1(3) (1)
XIAso.

lim f(x)= !nn (ax+1)=3a+1

‘Ilm f(x)= Ilm (bx+3)=3b+3
:/A(-3)=3(l+"| |

Therefore, from (1), we obtain
3a+1=3h+3=3a+1
=3a+1=3h+3

=3a=3h+2

)
= a=h+—

9

§

a=b+=

W

Therefore, the required relationship is given by,

For what value of 4 is the function defined by

; Al(x*=2x), ifx<0
()= {10 210
lax+1,  ifx>0

continuous at x = 0? What about continuity at x =
1? Answer

F)= .[/'t(.\" - 2.\'), i’[‘.r <0
The given function f is l4'\' H, ifx>0

If f is continuous at x = 0, then
lim f(x)= lim f(x)=7(0)
= lim A(x* - 2x) = lim (4x+1) = 2(0° - 2x0)

= A(07=2x0)=4x0+1=0
= 0 =1=0, which is not possible

Therefore, there is no value of A for which f is continuous at x = 0




Atx =1,
f(l)=d4x+1=4x1+1=5
lim(4x+1)=4x1+1=5

ol

l\-iT f(x)=1(1)

Therefore, for any values of A, fis continuous at x = 1

Show that the function defined by g(.\‘) 2 “"_["'] is discontinuous at all integral point.

Here [‘] denotes the greatest integer less than or equal to x.

Answer

The given function is2(¥)= x—[x]
It is evident that g is defined at all integral points.

Let n be an integer.
Then,

g(r/):n—[n]: n-n=0
The left hand limit of fat x = nis,

lim g(x)= lim (x—[x]) = lim (x) - lim [x] = n—(n—1) =1

X . X—n

The right hand limit of f at x = n is,

lim g(x) = lim (x—[x])= lim (x)- lim [x]=n-n=0

1—n'

It is observed that the left and right hand limits of f at x = n do not
coincide. Therefore, f is not continuous at x = n
Hence, g is discontinuous at all integral points.

f(x)=x*-sinx+5

Is the function defined by ° continuous at x =

p? Answer

(x)=x*-sinx+5
The given function isj(‘) T




It is evident that f is defined at x = p

Atx=m, f(x)=f(n)=n"—sinn+5=n"-0+5=1"+5

Consider lim /(x) = lim(x* —sin x+5)

Putx=mn+h
If x — m, then it is evident that h — 0
o lim f(x) =lim(x* —sinx +5)
X—+X v X—*T * L
= lim [n + h)' —sin (rt + H] + 5}

k=0

=lim(n+h) - limsin (7 +h)+1im5

fr—1 fe—si}

=(m+ 0) |im[5in meosh+ (.‘USTESil’lh] +5
’ fi—+{)

7° — limsin mcosh— lim cos wsinh+ 5

hi—d) Ji—sll
=" —sinncosO—cosmsin0+35

=" —0x1—(-1)x0+5

Therefore, the given function f is continuous at x = n

Discuss the continuity of the following functions.

(a) f (x) = sin x + cos X

(b) f (x) = sin x — cos X

(c) f (x) = sin x x cos

X Answer

It is known that if g and h are two continuous functions, then

¥ = ¥ )
g+h g—h andgh o o156 continuous.

It has to proved first that g (x) = sin x and h (x) = cos x are continuous
functions. Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real

number. Let ¢ be a real number. Put x =c + h

If x -c, thenh -0
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g(c)=sine
lim g (x)=limsinx

= limsin (c+h)

fr=l} » ¢

= lim[sin ceos h+ cosesin h]

=D
= !1111 (sinccosh)+ lllm (coscsinh)
=sinccos+cosesin(
=sinc+0
=gine

- limg(x)=g(c)

Therefore, g is a continuous function.

Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.

Let c be a real number. Put x =c + h

If x - ¢, thenh —

0 h (c) =cosc

Ijm h(x)= I‘iLr] COS X

=limcos(c+h)
Si—=0 :

= lim[cosccos h—sincsin h]

Ji—sl)

=limcosccosh—limsinesinh
el f1—(
=cosccos()—sincsin(
=coscx]—=sinex(

=Cosc

I‘i_lp h(x)=h(c)

Therefore, h is a continuous function.

Therefore, it can be concluded that

(a) f(x) =g (x) + h(x)=sinx + cos x is a continuous function
(b) f (x) =g (x) = h(x)=sinx — cos x is a continuous function

(c) f(x) =g (x) x h(x) =sinx x cos x is a continuous function
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Discuss the continuity of the cosine, cosecant, secant and cotangent
functions, Answer
It is known that if g and h are two continuous functions, then

- h(x)

g(x)

, £(x)# 0 is continuous

(if)

, £(x)#0 is continuous

|
g(x)
(iii )

: . h(x) =0 is continuous
h(x)
It has to be proved first that g (x) = sin x and h (x) = cos x are continuous
functions. Let g (x) = sin x
It is evident that g (x) = sin x is defined for every real
number. Let c be a real number. Putx = c + h

If x ~*c,then h —*0
g(¢)=sine
lim g (x)=limsin x

=limsin(c+h)

1]
= Iim[sin ccosh+coscsin h]
fi-»0
=lim(sinccosh)+lim(coscsinh)
fi0 >0
=sinccos0+coscsin0
=sinc¢+0
=sin¢
limg(x)=g(c)
Therefore, g is a continuous function.
Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Put x =c+ h
If x ® ¢, then h ®

0h(c)=cosc
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limA(x)=limcos x

K3

=limcos(c+h)

Jr—(] e

= lim [cos ¢cos h—sincsin h]

=limcoseccos h—limsinesin ki

Jr—t) fi—=ll

=cosccos(=sinesinl
=coscx]l-sincx(
=cosc

s limh(x) = h(c)

X—»r

Therefore, h (x) = cos x is continuous function.
It can be concluded that,
1 : : 3
cosecx =——, sinx # (0 is continuous
sinx
=> cosecx, X # nnt (n e Z) is continuous

Therefore, cosecant is continuous except at x = np, n iy

1 : 3
secx = . cosx # 0 is continuous
cos X
5 | ; .

= secx, x#(2n+ ])—5 (neZ) is continuous

Xy ) # s
x=(2n+1)= (neZ)

Therefore, secant is continuous except at 2

COS

XS 3 :
——, sinx # 0 is continuous
sinx

= cotx, x #nn (ne Z) is continuous

cotx=

Therefore, cotangent is continuous except at x = np, n1Z

Find the points of discontinuity of f, where
Jsm Y ifx<0

X
{.\' +1, ifx=0

f(x)=
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Answer
sinx ..
Lifx <0
/(x) =J X
The given function fis l.r tl, ifx20

It is evident that f is defined at all points of the real line.
Let c be a real number.
Case I:

. 4 . \ .
. . sinc L, . (sinx) sinc
If ¢ <0, then f(c)= and lim f(x)= Ilm[ =

X » X » \

c

X c
slim f(x)= f(e)

Therefore, f is continuous at all points x, such that x < 0
Case II:

Ifc >0, thenf(c)=c+1and lim f(x)=lim(x+1)=c+I
lim £ (x)= £ ()

Therefore, f is continuous at all points x, such that x > 0
Case III:

If¢=0, thenf(c)=£(0)=0+1=1

The left hand limit of fat x = 0 is,

; . sinx
lim f(x)=lim =1
y<»() x v} by

The right hand limit of fat x = 0 is,
lim f(x)=lim(x+1)=1
x—l a0

s im f(x) = lim f(x)=/(0)

>l x—)

Therefore, fis continuous at x = 0

From the above observations, it can be concluded that f is continuous at all points of

the real line.

Thus, f has no point of discontinuity.




Determine if f defined by

J.\': sinl, ifx#0
X

f(x)=
]_70, ifx=0
is a continuous
function? Answer

J x°sin l ifx#0
X

1__ 0, ifx=0

f(x)=
The given function fis

It is evident that f is defined at all points of the real line.
Let c be a real number.
Case I:

If ¢ #0, thenf(c y=¢" sm—

\ N s 1 O |
Ilmf *lxm x’ bln— Ilm\ ) limsin— |=¢” sin—
X—¢ \ X X ) ¢

I|m I (x)= f(c‘)
Therefore, f is continuous at all points x # 0
Case II:
If ¢ =0, then f(0) =
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4 ) 'I.
lim }'( )_ llm’ X sm— ’_hm r'sin—|

Xl x—0 ‘& .k

. e L
It is known that, —1<sin—=1, x#0
X

; 1
— —Xx"=s5in—=x
X

A { b
= Ilm( "]‘ lim| x~ < limx”

vl / X "‘:._ .“.‘_,' v =il

=< Iim

x—l

x° nm—l-’()

\.
(1)

= lim| x" sin- ‘zD
x-¥0 \ \f')

“lim f(x)=0

r—ll

X sm—\—[)

Similarly, I|m fix)= |lm’ X wm— ‘- Ilm

o lim £(x)=£(0)= lim 7 (x)

Therefore, f is continuous at x = 0

From the above observations, it can be concluded that f is continuous at every point

of the real line.
Thus, f is a continuous function.

Examine the continuity of f, where f is defined by
jsmx—cos\ ifx=0
/(\)_]4 ifx=0
Answer
lsm x—=cosx,ifx=0

The given function f is ] ifx=0

It is evident that f is defined at all points of the real line.
Let c be a real number.
Case I:
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If ¢ # 0, then f (¢)=sinc—cose

lim f(x)=lim(sinx—cosx)=sinc-cosc
X e 4

N

s im f(x)=f(c)

X =

Therefore, f is continuous at all points x, such that x # 0
Case II:

If ¢ =0, then f(0) =-1
lim £ (x) = lim (sin x—cosx) =sin0—cos0 =0—1=—]

lim f(x)= lim (sin x—cosx)=sin0—cos0=0-1=-1
X)) =im :

x—=30"

s lim f(x) ]in&j'(r) f(0)

Therefore, fis continuous at x = 0

From the above observations, it can be concluded that f is continuous at every point
of the real line.

Thus, f is a continuous function.

Find the values of k so that the function f is continuous at the indicated point.

.

kcosx .. . m
> JPx#—
; n—2x 2
f(x)=+ atx=—
' s 0 2
3 ifx=—
2
Answer
(kcosx .. m
R |f,\';c:
; n—2x 2
fx)=
. 4
3, 1t X
The given function f is -
T T
Y= Xx=—

The given function f is continuous at ,?tf f is defined at 2 and if the value of the f

= y="
at  2equalsthelimitoffat 2.
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\
T 7
X = ;; / [T)' | =3
It is evident that f is defined at ~and \</
G pasn ey MECOSXR
lim f(x)=lim
. st T—2X
T
Putx=—+"h
2
n
Then, x B h—0
/n
P kcos’ = +l)1
R A 08X . 2 )
s lim £ (x) =lim 2T~ lim . 4
3 »: X ).1 n‘_z.\‘ D ’ ﬂ' \
2 2 n-2| —+h I
l\ 2 /
. —sinh k. sinh k k
=klim—— == lim—— =] =~
b0 2h 280 2 2
- (m)
..lllll_/ (\) = /I =
X—p— =/

k
= —=3
>

= k=6
Therefore, the required value of k is 6.

Find the values of k so that the function f is continuous at the indicated point.

xRy g2
/() |3, ifx>2

atx =2

Answer

. (kx?, ifx<2
W= e
The given function is R

The given function f is continuous at x = 2, if f is defined at x = 2 and if the value of f

at x = 2 equals the limit of fat x = 2

(Y = (" 2 S
It is evident that f is defined at x /(“) l‘(") 4

2and-
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lim f(x)=lim f(x)=f(2)
= lim (kx*)= lim (3) = 4k

= kx2"=3=4k

=4k =3=4k
=4k =3
:>»’c=i

.3
kis —
Therefore, the required value of -

Find the values of k so that the function f is continuous at the indicated point.

[k\' +1, ifx<m

o atx=m
cosx, ifx>m

Answer

) [kr+Lifon
fx =1‘ e S

The given function is SRS LLN> T

The given function f is continuous at x = p, if f is defined at x = p and if the value of f

at x = p equals the limit of fatx = p

It is evident that f is defined at x = p and'/ (m)=km+1

lim f(x)= lim f(x)=f(n)

= lim (kx+1)= lim cosx = kn+1
e

3 x—x'
= hkn+l=cosm=kn+l
=Skn+l==1=kn+1

2
=S k=-—
T

| o

kis -
Therefore, the required value of T
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Find the values of k so that the function f is continuous at the indicated point.

[fx+1, ifx<5 i
xX)=xn_ e atx=>5
l.).\'—), ifx=>5
Answer

) (kx +1, ifx<5
7(1)-1

The given function f is (3x=3, 1fx>3

The given function f is continuous at x = 5, if f is defined at x = 5 and if the value of f
at x = 5 equals the limitof fat x = 5

It is evident that f is defined at x = 5 andj (5) =hx+1=5k +1

lim f(x)=1lim f(x)=r(5)
= lim (kx+1) = lim (3x~5) = 5k +1
=5k +1=15-5=5k+1

= 5k+1=10
=5k =9

kis
Therefore, the required value of

| WO

Find the values of a and b such that the function defined by

(5, ifx<?2

f(x)=1ax+b,if2<x<10
l?_l. ifx=10

is a continuous function.
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Answer
5, ifx<2
f(x)=qax+b,if2<x<10
) P
The given function fis (2L ifx=10

It is evident that the given function f is defined at all points of the real
line. If f is a continuous function, then f is continuous at all real numbers.
In particular, fis continuous at x = 2 and x =

10 Since fis continuous at x = 2, we obtain

lim f(x)=lim f(x)=f(2)

= lim (5) = lim (ax+b) =5

=5=2a+b=5

=2a+b=5 (1)

Since f is continuous at x = 10, we obtain

lim f(x)= .I,i,'.].].« f(x)=7(10)

x>0 ’

= lim (ax+b)= lim (21) =21

R LU y—l0" "

=10a+b=21=21

= 10a+bh=21 -(2)

On subtracting equation (1) from equation (2), we
obtain 8a = 16

2a=2

By putting a = 2 in equation (1), we

obtain2x2+b=>5
>4+b=5
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>b=1

Therefore, the values of a and b for which fis a continuous function are 2 and
1 respectively.

Show that the function defined by f (x) = cos (xz) is a continuous
function. Answer

The given function is f (x) = cos (xz)

This function f is defined for every real number and f can be written as the
composition of two functions as,

f=goh,whereg(x)=cosxandh(x)=x2

\~ (goh)(x)= g(h(.\’)) = g( X ) =COoS (l.\") ) = f(\)}

It has to be first proved that g (x) = cos x and h (x) = x? are continuous
functions. It is evident that g is defined for every real number.

Let c be a real number.

Then, g (c) = cos c

Putx=c+h

Ifx—>c, thenh—0

li mg fx) = [1111 cos X

=limcos(c+ h)

hi—0 X

= lvim[cosc'cos h—sin¢sin h]

Ji—)
=limcosccosh—limsincsin/
S fr>0
=cosccos0—sinesin0
=coscx]—sinex0
= OS¢

slimg(x)=g(c¢)

XN=>(

Therefore, g (x) = cos x is continuous function.
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h (x) = x°

Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k*
limA(x)=limx’ =k*

LA LA

wAimh(x)=h(k)

Therefore, h is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at c, if g

is continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

f(x)=(goh)(x)=cos(x’ )

Therefore, is a continuous function.

Show that the function defined by ./'('_\') =|co \‘ is a continuous

function. Answer

f(x)=|cosx|

The given function is-

This function f is defined for every real number and f can be written as the
composition of two functions as,

f=goh Whereg(-") :|~“' and h(x)=cosx

[ (goh)(x)= g(h(.\')) = g(cosx)=|cos x| = f(\)]

It has to be first proved that 8( I‘ and h(x) = cosx

g(x)=|x| can be written as

(x) ]A—,\‘. ifx<0
x)=+
Sk, ifxz0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.
Case I:

If ¢ <0, then g(¢)=—c and lim g(x)=lim(-x)=-c

X—»(

llmg )=2(c)

are continuous functions.
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Therefore, g is continuous at all points x, such that x < 0
Case II:

If¢ >0, theng(c)=cand limg(x)=limx=c

Xodg

wlimg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ifc=0, theng(c)=g(0)=0
lim g (%)= lim (=x)=0
lim 2 (x) = lim () =0
lim g(x) = lim (x) = £ (0)

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all
points. h (x) = cos x

It is evident that h (x) = cos x is defined for every real

number. Let ¢ be a real number. Put x = c + h

If x - ¢, thenh —

0h(c)=cosc

lim h(x)= l‘iln COS X

=limcos(c+ h)

fi—(0

= lim[cosccos h—sincsin h]

Se—a()
=limcosccoshi—limsinesin A
=0 P
=cosccos()—sincsin(
=coscx1-sinecx(
=Ccosc
sdimh(x)=h(c)
N

Therefore, h (x) = cos x is a continuous function.
It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g
is continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.
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7(x)=(goh)(x)=g(h(x))=g(cosx)=|cos x

Therefore, is a continuous function.

sin ||

Examine that is a continuous function.

Answer
Let f(x)=sin \\|

This function f is defined for every real number and f can be written as the

composition of two functions as,

f=goh Whereg(-\‘) = |,1' and i1(x)=sinx

: (goh)(x)= g(h(.\')) = g(sinx)=[sinx|= f (\)]

It has to be proved first that &(¥)= |x| and /(x) = sin x

are continuous functions.
g(x)=|x| can be written as

J'—.\‘. ifx<0

x)=

g(x) l\ ifx=0

Clearly, g is defined for all real humbers.
Let c be a real nhumber.
Case I:

Ifc <0, then g(¢)=~c and lim g(x)=lim(-x)=-c¢
~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

If¢ >0, theng(c)=cand limg(x)=limx=c
wlimg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ife=0, theng(c)=g(0)=0
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lim g(x)=lim(-x)=0
x> x—

lim g(x)=lim(x)=0

x> x—

s lim g(x) = lim (x) = g(0)

>0

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all
points. h (x) = sin x

It is evident that h (x) = sin x is defined for every real

number. Let ¢ be a real number. Put x = ¢ + k

If x -»>c, thenk —

0h(c)=sinc

h(e)=sinc

lim/2(x) = limsin x

X

=limsin(c+k)
k0 ) ¢

=lim [sin ccosk +coscsin k]
A

=lim(sinccosk )+ lim(cosesink)
kD" h—0

=sinccos0+coscsin0
=sin¢+0
=sinc¢

Lo limb(x)=g(e)

X g h
Therefore, h is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at c, if g
is continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

(x)=(2oh)(x)=g(h(x))= g(sinx)=lsinx
Therefore, ‘/(\) (goz)(\) g(T(\)) é(\m\) l\m\|isacontinuousfunction.

Find all the points of discontinuity of f defined by Ix)= ""‘_}".H .

Answer

f(x)= ’.\"—‘x+l

The given function is®
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The two functions, g and h, are defined as
g(x)=|x| and h(x)=|x+1|
Then, f=g—h

The continuity of g and h is examined first.

g(x)=|x| can be written as

(x) J'—.\‘. if x <0

x)=

£ l\ ifx=0

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:

Ife <0, then g(c¢)=~c and lim g(x)= lim (—x)=-c

|jl}1 g(x)=g(c)

Therefore, g is continuous at all points x, such that x < 0
Case II:

Ifc >0, theng(c)=cand limg(x)=limx=c¢

~limg(x)=g(c)

Therefore, g is continuous at all points x, such that x > 0
Case III:

Ifc=0, theng(c)=g(0)=0

Iil? g(x)= .li1}|1 (=x)=0

1211 g(x)= .Ii,m (x)=0

X

-~ lim g(x) = lim (x) = g(0)

r—+ll x—»l

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.

h(.\') = |x + l| can be written as
—(x+1), if, x < -1
h(x)= ) ‘ '
x+1, ifx=>-—1

Clearly, h is defined for every real number.




Let c be a real number.
Case I:

If ¢ <1, then h(c)=~(c+1) and limh(x) =lim[~(x+1) | =~(c+1)
< limh(x) = h(c) | |

Therefore, h is continuous at all points x, such that x < -1

Case II:

If ¢ >~1, then h(c)=c+1 and lim h(x)= Ilm(\ +1)=c+1

ctimh(x) = h(c)

Therefore, h is continuous at all points x, such that x > —1
Case III:

If ¢ =1, then h(c)=h(-1)=-1+1=0

lim A(x)= lim {—{er)J: —(-1+1)=0

K= x=—1 =

lim A(x)= lim (x+1)=(-1+1)=0

' !
x——1 x——1

s lim A(x) = lim h(x)=h(-1)
ol e =Rl

x—3—|

Therefore, h is continuous at x = —1

From the above three observations, it can be concluded that h is continuous at all
points of the real line.

g and h are continuous functions. Therefore, f = g — h is also a continuous
function. Therefore, f has no point of discontinuity.




Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

sin(x” +5)

Answer

Letf (x) =sin(x* +5), u(x)=x"+5, and v(t) =sint
Then, (vou)(x)=v(u(x))=v(x*+5)=tan(x* +5) = f(x)
Thus, fis a composite of two functions.
Putt=u(x)=x"+5

Then, we obtain

248 i(sinl) =Cosf = cos(.\‘: + 5)

di dt

a dg; dya d

—=—|X"+5)=—(x")+—(5)=2x+0=2x

dx zi\'( ) dx( ) (Ix( )

Therefore, by chain rule, A U cos(.\'2 +5)>< 2x = 2xcos(.x"‘ - 5)
dv dt dx

Alternate method

%[sin(x" +5)] = cos(x’ +5)-;—1(.\" +5)

fx X
R /o AU, B
= cos(x* +5) [;—r(\ +2:(3)J
=cos(r3 +5) [2x+0]
=2\’cos(x" +5)

Question 2:

Differentiate the functions with respect to x.

cos(sin x)




Answer

Let f'(x)=cos(sinx),u(x)=sinx, and v(r) = coss
Then. (vou)(x)=v(u(x))=v(sinx)=cos(sinx)= f(x)
Thus, f is a composite function of two functions.
Put t = u (x) = sin x

(l/v _ ({l [cOSI] =—sins = —sin(sinx)
dar dt .
s .
7:T(sm,\'):cosx
ax ax-
i ] d\‘. dt

=——=- sin(sin .\') ~COSX = —COoSXSin (sin .\')
By chain rule, dx  di dx

Alternate method

::r [cos(sin \')] = —sin(sinx)- ;1; (sinx)=-sin (sin x)-cosx=—cosxsin (sin x)

Differentiate the functions with respect to x.

sin(ax+b)

Answer

Let f(x)=sin(ax+b), u(x)=ax+b, and v(t)=sint

Then, (vou)(x)=v(u(x))=v(ax+b)=sin(ax+b)= f(x)
Thus, fis a composite function of two functions, u and v.
Putt=u(x)=ax+b

Therefore,

(iv = (—, (sinl) =cost = cos(ax+ b)

dr dt

dt d d d
—=—/(ax+b)=—I(ax)+—(b)=a+0=a
dx dx( ) civ( ) d.\'( )

Hence, by chain rule, we obtain

df _dv dt

i =cos(ax+b)-a=acos(ax+b)




Alternate method
;i[sin (ax+b)]|=cos(ax+b). ;i(ax+b)

X X

d d
= cos(a.\'+b)-l’z(m')+ —(b)}

|_ dx
=cos(ax+b).(a+0)

=acos (a.\' +b)

Question 4:

Differentiate the functions with respect to x.
sec(tan(\/’;))

Answer

Letf(x)= sec(tan \/E),u(.\') =Jx,v(r)=tant,and w(s)=secs

Then, (wovou)(x)= w[v(u(x)):l = \4![\-‘(07\‘)] = w(tan \;’x) = scc(tan \/;) = f(x)

Thus, fis a composite function of three functions, u, v, and w.

Puts=v(r)=tanr and r = u(x) =x

Then, aw _4 (secs)=secstans =sec(tant).tan(tans)  [s=tan]
fray oy :
- sec(la’m \,EJ : l;:m(um \;';) [r = J:]
dS d : I [, -
s E(tam) =sec’ 1 =sec’x
d di—~ df 1)1 Lo
& a5 L" )27 Tad

Hence, by chain rule, we obtain
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di dw ds dt
de ds dt dx

e SN N
= sec(lan Jx ) lan(lun Jx ) xgec” v x x =T
A : _ 2y

- 2:/: sec? Jx scc(:tan Jx ) tan (tan «JT)
sec” +/x sec (‘lan v’:) tan ( tan +/x )
o

an X

Alternate method

4 [see{1an )] =sec(an i ).tan1an ). ( _1.)

a5 i V5

m(mn\/\) tan (tan V'x )-sec’ ( ,\‘-).
) x)sec’

SCL

Differentiate the functions with respect to x.
sin(ax+h)

cos(ex+d)

Answer

sin(ax+b)  g(x)
cos(ex+d)  h(x)

f(x)=
The given function is
h (x) = cos (cx + d)
g'h—gh'
h

Consider g (x)=sin(ax+b)

F =

Let u(x)=ax+b,v(t)=sint
Then, (vou)(x)= v( 7 [1)) =v(ax+b)=sin(ax+b)=g(x)

, where g (x) = sin (ax + b) and
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~ g is a composite function of two functions, u and v.

Put?=u(x)=ax+b

v d
— =—(sint)=cost =cos(ax+b
dlt dl( ) ( )
L +b):i(ax)+i(b):a+():a
dx dx dx dx
Therefore, by chain rule, we obtain
,_dg dv dt

B cos(ax+b)-a=acos(ax+b)

Consider h(x)=cos(cx+d)

Let p(x)=cx+d, g(y)=cosy

Then,(gop)(x) = c](p(x)) =g(cx+d)=cos(cx+d)=h(x)

~h is a composite function of two functions, p and q.

Puty =p(x) =cx +d

L i(cosy) =—siny = —sin(cx+d)
dy dy '

dv d v d d

= x+d)= Cx ) + 1)=c

5l glen )=

Therefore, by chain rule, we obtain

i = dh _dq dy

_E _E E: —Sil1(bx+a')xc= —"Si"(c.\‘+¢l)




,_acos(ax+b)-cos(ex+d)—sin(ax+b){-csin(ex +d);|
) [cos(c.\'+d)]z

sin(ex+d) I

cos(ex+d) cos(ex+d)

snlavil
_ w) +¢sin ((l.\'+b)'
cos(ex+d)

=acos(ax+b)sec(ex+d)+esin(ax+b)tan(cx+d)sec(ex+d)

Question 6:

Differentiate the functions with respect to x.
cosx’.sin’ (x’;)
Answer

. . xsin?(x°
The given function is " ™' (x).

d SIS 3\ 1 o 9 5 d 3 1 d .. 2 5
— [COS X -SIn (.\" )—j =Sm (.\" )X — (COS X )‘f‘ COSX Xx—| SIn (_\" ):]
dx dx* dx -

=sin” (,\")x ( —sin.r3)x (;1\(\)4 Cosx° X 2sin(x")- :\' [sinx’.:'

U L 3 N OO SN0 I R 3 sds
=—sinXx" sin (.\- )x.u- +2s8InXx COSX -COSX x—(.\' )
J d\.
2.2 .0 R Py 5 ] 5 ) 3 4
=—3x"sinx’ -sin (x )+ 2s8inx” cosx’ cosx” -x5x

=10x"* sin x° cosx” cos x* —3x” sinx” sin’ (.\")

Question 7:

Differentiate the functions with respect to x.
2 col(.\'z )

Answer
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%{Z\J"cot o )J

\Jcos(x:

-2x
I

cos x* /sin x” sin x°
—B\EI

| s ] 5 : > A

\ﬁsm X Ceosx” sinx’

-2 xﬁ X

. & } 1' - 1:
sinx*sin 2x”

Differentiate the functions with respect to x.
cos(\[\_’)
Answer
Let f(x)= cos(\/;)
Also, let u(x)=+/x
And, v(7) = cost
Then, (vou)(x)=v(u(x))
y(5)
= cos/x
= f(x)

Clearly, fis a composite function of two functions, u and v, such that

t=u(x)=x
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it dy~ df 1) 1 -
Then, L. (\Ejz “lx2|==x
de dx 7 odel ) 2
_ 1
2%

And, L LE,(k:c:hsr") =—sint
dt dt ’

By using chain rule, we obtain

dr dv. dt
dx dt dx
= —sin(v";)- ],_

J ')\/“.
=— I/,.. sin(\f.;)

2\.\'
sm(\/T)
2Jx

VX

Alternate method

e8] 449

:—sin(\f;)xi— x?

dx \

/
1

.
= —sinJxx—x 2
2

_ —sin \/:

2x

Prove that the function f given by

f(x)= ‘.\‘—l!, Xe€ Ris notdifferentiable at x = 1.

Answer

The given function is/ (x)=[x-1], xeR
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It is known that a function f is differentiable at a point x = c in its domain if both

- fle+h)-f(c - fle+h)-f(c

lim / (‘ ) - (() and lim - ( ) / (t)

Rev h e h are finite and
equal. To check the differentiability of the given function at x =
1, consider the left hand limitof fatx =1

fieg 2 (1+4)-1(1) _ - 1+ h=1]-1-1]

fa—»i} !‘; Jo—all h

= lim [4-0 iy (h<0=|h=~h)
2l h bt . '

=1

Consider the right hand limit of fatx =1

gy AR o e
) h P h
h =0 : , |
= lim l i = lim E (,i.; =0= }}-;| :;.,]
h0" R =" fp

=]

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x

=1

i i - f(x)=[x],0<x<3,
Prove that the greatest integer function defined by is

not differentiable at x = 1 and x = 2.
Answer

The given function f isj ('\) [,1],(,) XS

It is known that a function f is differentiable at a point x = c in its domain if both
“(e+h)- f(e “(e+h)-f(e

i G ) A ) (<)

Hrd h =t h are finite and equal.

To check the differentiability of the given function at x = 1, consider the left hand limit

offatx =1




i LR =7 (1) [1+A]-[1]

H— T h—il 7

: — .=l
=lim—=1lim—=w

Jr—s0l 7 fe—»ll }?
Consider the right hand limit of fat x =1
(14 BY= 71 _fi
lim SU+h)-7(1) = lim [l_”?] [ ]

h—dl h i) h

= lim 1-1 =lim0=0
= h—0"

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable
atx =1
To check the differentiability of the given function at x = 2, consider the left hand

limitof fatx = 2

o S2En)-1(2) L [244]-[2]
bl h fa—s) h

o 1=2 =
= lim = lim =on

dr—sll 7 fa—wll T

Consider the right hand limit of fat x =1

F(2+h)=f(2 24 h|-[2
lim f(2+h)-71(2) = lim 7[ }] [ ]
h—d) h' 0" h

2-2
= lim =lim0=0

fr—0 h 0"

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x
=2




dy
Find ;/: :
2x+3y=sinx
Answer

The given relationship is 2% +3¥ =sinx

Differentiating this relationship with respect to x, we obtain

d d v 3
—(2x+3y)=—/(sinx
d,\‘( ’ ) (lx‘( )

= d (2x)+ d (3y)=cosx

. dy cosx-2

~

dx 3

dy.
Find ¥ :
2x+3y=siny
Answer

Yy )y = QIn v
The given relationship jg= +3y=sin)

Differentiating this relationship with respect to x, we obtain

d d d
—(2x)+—(3y)=—(siny
dx dx( > ) (/.\'( ’ )




dy dy : :
= 2+4+3-==cos y— [By using chain ru]e]

dx dx
=2= (cos.v—f%)ﬂ
’ dx
dy 2

&b
Find dx :
ax+by® =cosy
Answer
The given relationship is"’-\'+1’,!’: =cosy

Differentiating this relationship with respect to x, we obtain

4 (o (1)L (cony)

dx dx T dx
d ;o d
=a+b—( v =—(cosy il
arb L (57) =L (cos ) (1)
i[ 2Y = 2,_1’@ i(‘ms_.,..-) = —sin lﬂ
Using chain rule, we obtain @¥ drang dx dx

From (1) and (2), we obtain

dy . dy
a+bx2y—=-siny—
dx dx

= (2by +sin \)ﬂ =-a
’ dx

dy_ -a
dc  2by+siny

dy
Find @ :

xy+y’ =tanx+y

-

-3

)




Answer

The given relationship is

xy+y’ =tanx+y

Differentiating this relationship with respect to x, we obtain

d d , d dy
=> Xy )+ Vo= tan x )+
cl\'( ; ) dx ( ) dr( ) dx
=y i(\) .‘—I'—‘i 21£=se2 '
dx dx dx dx
dy dy e
=y l+x.—+2y—=sec x+—
dx dx dx
dy
=(x+2y-1)—=sec x—)
( ’ )dx

L dy  sec’x-y
Ty (x+2y-1)

(lf\‘
Find dx :
X 4xy+y =100
Answer

The given relationship is® "XtV = 100

[Using product rule and chain rule]

Differentiating this relationship with respect to x, we obtain

d 15 5 d
X +xy+y )= 100
(./,\‘( T ) d\‘( )

d g ; d P i .
3&(-\ )+$(-\})+ dr(} )_0

[Derivative of constant function is 0]




Class XII Chapter 5 - Continuity and Differentiability

Maths

= 2x +[_\-‘~ 4 (x)+x- d“} +2y Y _o [ Using product rule and chain rule|

dx dx dx
=2x+y-1+x- s +2_vdfv =0
dx dx

=2x+y+(x+ 2t)% =0
dx

_dy_ 2x+y

Cd o x+2y

Question 6:

Find 9 :

X +xX’y+xy+y =81

Answer

The given relationship s X’ +X°y+xy* +y' =81

Differentiating this relationship with respect to x, we obtain

({ 3 o) 3 3 (1
—(x +xy+xy +y )=—(81
(\ +X Y Xy +y ) dx( )

dx
d 3 d 2 d 13 d AN
= ;;,:(x )+ I(x 'v)+$(.u )+ ‘—/:(1 )— 0
1.2 _.,d, 2 2 fI.E 2 fli : ‘{ 2 2 4};‘ "
= 3x +[_\ dr(x )+.\ d\']+|:" = (x)+x 2 (_1 )]+3) i 0
= 3x° + |:_\.-'~ 2x+x° 51‘1} + [_vl A+x-2y- tfy} +3y° & =0
dx dx dx

s n dy
= (x +2xy+3y )—

dv - (3,\*2 +2xy+ )’

dx (xz +2xy+ 3y’ )

Question 7:
dy
Find €

sin y+cosxy=m
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Answer

The given relationship is SIN" V+Cosxy =17

Differentiating this relationship with respect to x, we obtain

:ilx (sin® y+cosxy) = :i{x- (=)

= ;’; (sin3 \) + :iI‘ (cosxy)=0

Using chain rule, we obtain

a7 ps 8 0 A dy
(sm' 1) =2sin y——(sin y)=2sin y cos y—
dx dx dx

i(cos Xy)=—sin .\'_1-'1(.0’) =—sinxy yi(.\') +X—
dx dx dx dx

| dy . . dy
= —sinxy| y.1+x—— [=—ysinxy - xsinxy—
dx dx

From (1), (2), and (3), we obtain

3 dy : : dy
2sin ycos y— = ysinxy—xsin xy— =0
dx dx

. . dy .
= (2sin ycos y - xsinxy) T = ysinxy
dx

s ; dy :
= (sin 2y~ xsinxy) r = ysinxy
dx

_dy ysinxy

dx sin2y—xsinxy

&
Find 9
sin® x+cos’ y=1
Answer

The given relationship isSin” ¥ +¢os” y =1

Differentiating this relationship with respect to x, we obtain
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i + 2 3y ‘) ;
C—(sm‘ x+cos 1} = ‘_(1)
dx Todx
devos x @3 @ oo
= (—(sm‘ \] + (—(cos" y) =0
dx - A
- d, . d, e
= 2sinx-L (snx) + 2cosy 2 (cony) =0
dx ' dx .
: N T
= 2sinxcosx+ 2cos y(-siny)-—=0
) Tody
- . v
=5 sin 2x —sin 2}-‘-‘4“. =0
dx

_dy  sin2x

dx  sin2y

Answer

The given relationship is

S R
y=sin = |
; 1+ x° )/

2x

\

+X

=siny=

Differentiating this relationship with respect to x, we obtain

de. <« dF 2%
—(siny)=— - ’
dx d\1+x" )
dy d 2x ) fi
= Ccosy—=— : J wol(1)
dy de\1+x" '

2x u

The function, 1 +X" | is of the form of ¥
Therefore, by quotient rule, we obtain
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o d J ’
d( 2x ):(”"')'(L(z"')‘z-‘”f,x(”-\")
dell+x (] +x° )’

(1+x7)2-2x-[0+25] »

2x? —4x° 2(1 _.\.;)

(1+x7) - (+5) - (];A‘,):' ~(2)

. 2x
SNy = ———
AlSO, 1+ x°

:
\I+x

(12 ,
l(]—" ) _ l—x°
V(ex) 145 -3)

From (1), (2), and (3), we obtain

-y _2(-x)

1+ .\’: dx (] b ,\‘: )-

dy 2
= = .
dx ]+ x°

&
Find @ :

o 1(33‘—.\"'} | . 1
y=tan ) <X < —

-~

—-JX

Answer

L 3x-xP]
y=tan :
. . - L 1-3x°
The given relationship is
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P 3

3x—x
=tany = ‘ (1)
4 -2 /
-3x
V P 4
3tan- —tan” -
tan y = 2 : wl2)
ez <,
|-3tan” -

I

It is known that,
Comparing equations (1) and (2), we obtain

.
X =tan =
3

Differentiating this relationship with respect to x, we obtain
7l 1 ( 2

‘—(1) = ‘—‘ tan > ]

dx dx \ 3

= 1=sec’

o

) 2y
~  l+tan” =
) o

Answer

The given relationship is,
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Class XII
[ 1-x7
V= COS ’ —
|.1 * _Y_
1—%*
= Ccosy= <
14+ x°
| —tan” - 2
T
= = :] =
2 ¥ +x
I+lan“ﬂ

e

On comparing L.H.S. and R.H.S. of the above relationship, we obtain

Y
tan = =x
2

Differentiating this relationship with respect to x, we obtain

dy

Find 4¥

oo 1=x )
y=sin < J 0<x<l

1+ x°

Answer

g

o 1-X°
y=sin :

Wi & ol

The given relationship is
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. | ]—,\": }
¥ =5In -
’ 1+x,

1-x?

= 8in y= =
1+x°

Differentiating this relationship with respect to x, we obtain

%\—(Sin)‘hi('_"':] (1)

dx\ 1+x°

Using chain rule, we obtain

d .. . dy
(siny)=cosy-—
dx dx

cosy =+/l=sin" y =

ey -2y
\f (1+)

2x dy

d ..
So—(siny)= W4
dx ( ’ ) 1 +x° dx

(- \.IZ (I +xf)-(] - _\'2)’ —(] —xg).‘(l +f)r

4% ) (1+2°)

d
dax

LS

From (1), (2), and (3), we obtain

[Using quotient rule]
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2x dy  -4x
1+x° dx (1 +_\.3')'1
dy =2

dr 1+

Alternate method

7 2\
o[ 1=%
" - o r
. l_.\-- ' /
smy= =
= |+ x°

= (I + _\‘:T)sin y=1-x*
= (l+siny)x* =1-siny

s l-siny
j’r -_——

l+sin v
§ 1.' . 1' 'm,l_
| CO5— —385In -
. A 2 2
=X ==
i V ’ * l‘|‘_
cos_ +sin*_ |
2 2
LY = &/
y . ¥
CO8 ~— —8in -
2 2
= x= = =
¥ . W
COs— 481N -
2 2
¥
1-tan -
5
= Xx= =
V
1+ tan -
2
{ ¥ A
= x=tan| ——= ’
w4 2

Differentiating this relationship with respect to x, we obtain
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; i i
d[szd l«an—]
dx dx 4 2
(n 1] din »)
= l=sec”| ——= -—’———
w4 2) del 4 2

iy
Find dvx :

(2x )

I
¥ =Cos | -
\1+x" )

—l<x<l]

Answer

o 2x )
V=Cos 5 |
The given relationship is \1+x" )

o 2x
V=Cos -

\]‘*‘.\"/

2x

= COS J' = -
l+x°

Differentiating this relationship with respect to x, we obtain

d d [ 2x
—(cos,\-‘):—-L ;
dx dx \1+x )

(l + .\"')- ;{ (2x)-2x- d.(] +x° )

= —sin y-—= er X
dx (l +.\")
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i 9
= —l—cos” y—==
dx

1—x° dy —Q(I—x:]

1+x° dx (] o )-
dy _ 2

Ei 1+ x°

L2
Find dx :

y=sin"' (2.wl -x* ) - 7]_?- <x< %

Answer

y=sin '(2.\‘\11—,\': )
lationship is '

y=sin"' (2.\'\11 —X" ,
=siny=2xyl-x

Differentiating this relationship with respect to x, we obtain

dv ('I;x:j)xE—Ex-'-_-"x
1




dx |

cos y —':{_
ah,

- d‘c(\'l_‘ )+v|

l—' y _1
—>~Jl—sm 1£=3{r_ Y ]
dx "J]*’t

|—\ +I—x1}
J1—=5?

Find dx :

| 1 ) ]
y=sec < J,O<x<_'_
2x" -1 J2

Answer

]
o
The given relationship i 2x" -1

.[ 1 J
)= Sec =
' 2x° -1




1
il |

osy=2x" -1

=>secy=

=
X
= 2x" =l+cosy

(¥}

-

=2¢cos

U

[

=
2 |

= X =C0os=—
Y

Differentiating this relationship with respect to x, we obtain

d d y)
—(x)=—r/ cos=
dx dx\ 2)
.Y y )
= 1l=-sIn- - ’
2 dx\2 /
-1 1dy
oy 2 e
sin
2
dy -2 -2
dx ! V
sin — 008
> \}l cos 5
dy -2




Differentiate the following w.r.t. x:

e
sin x
Answer
e’
.“ = T
Let Sin x

By using the quotient rule, we obtain

;s woldipe
ﬂ:.xln.\ c/.\‘('t )—c dx(,\m.\)

dx sin” x

sin .\‘.(c' )—e"-(cosx)

sin” x

¢"(sinx—cosx)
= — ~ x#nnnel
sin” x

Differentiate the following w.r.t. x:

&
Answer

y — S 2
LetY =€

By using the chain rule, we obtain




({1'. (" [ sin'x]
Y ' & )
dr  dx /
&y gt @
= = =" -—{sm : x}
d dx
_din s
ke ’ | -
VIi=-x"

|
S0 X
e

f =
vl—-x°
. a{!r‘ é'

2o f  xe(-L1)
fj.r "‘Ul'l- — _\':

Show that the function given by f(x) = e?is strictly increasing on
R. Answer

Let* 414 X: he any two numbers in R.
Then, we have:

X <x, =2x< 20 et e = I ()< £ (x5)

Hence, f is strictly increasing on R.

Differentiate the following w.r.t. x:

&

Answer

Let ¥ =€

By using the chain rule, we obtain

(-\‘3 ) =e" 3x’ =3x%e"

dy d ( & ) 2 d
= e —- (i
dv dx dx

Differentiate the following w.r.t. x:

sin(tan L& )
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Answer

Let,r:sin(tan e ")

By using the chain rule, we obtain

dy _ i[sin(talf e )]

dx dx

:cos(tan e ")~;—{(tan e )
» i

:cos(tan 'e ‘)—I— d (e ")

cos(tan" e )

- )

l+e

e cos(lan' : e"")

2y X(_l)

1+e™

= cos(i tan'e™ )

D
l+e™

Differentiate the following w.r.t. x:
log(cose” )
Answer

7= log(cose")

By using the chain rule, we obtain

ey _i e
e v |:|U}:(LL}:~,¢ )]

' (" ; .,x'
~ cose’ 'I("Uhe, }

| C vod g

= \_r(—smﬂ‘)r (e")
cose Coder
—sine”

— - .
cose’

2| H

=-¢"tane",e" #(2n+ l) neN

[}




Differentiate the following w.r.t. x:
e +et +..te

Answer

d g

—(c +e +..+e )
dx -

1y dfey dig 1\ df
ol ol e e

i +[e-“' x%(.f)]{e-\-‘ :[_’\(\ )]{(,x‘ .%(_\A)}[(,f .%(_\.s )J

=" +(e"~ X 2.\')+(e"] x3.\'3)+(e“: ><4.\'3)+(e‘. ><5.\'4)

2 X

=" +2xe" +3x%¢" +4x'e” +5x'e”

Differentiate the following w.r.t. x:

\/(?T..r>()

Answer

LetY = \[‘_—

Slomis ,)\."r
Then, Y =€

By differentiating this relationship with respect to x, we obtain
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= 2_\"ﬂ =e" i( x) [B_\;’ applying the chain rulc]

Differentiate the following w.r.t. x:
log(log x),x >1

Answer

Let Y = log(log x)

By using the chain rule, we obtain

T [log( log \)J

| ~i(log,r)
logx dx

dv _d

Differentiate the following w.r.t. x:

COs X
> ()

log x




Class XII Chapter 5 - Continuity and Differentiability

Maths

Answer
_Cosx
Let logx

By using the quotient rule, we obtain

5 ‘Z (cosx)xlogx—cosxx ({{ (logx)

ay _dx dx
dx (Iog.\‘)'
—sin x log x —cos x x
— X
(logx)’
—|xlogx.sinx+cosx
= [\ gxbuxj \],x>()
x(logx)

Differentiate the following w.r.t. x:
cos(logx+e’),x>0
Answer

Lot = €08 (logx+e")

By using the chain rule, we obtain
dy

ST o d s
= = ~sm(log.\'+ e )'E(log.\ +e )

i( log x)+ 4 (e" )

= —sin(logx+e')-

7 | dx s G
{ 3
= —sin(logx+e"):| l+e“J
\ X

(1 Y. 7 )
=—| =+e" |sin(logx+e*),x>0

i J
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Differentiate the function with respect to x.

COS X.COS 2x.COS 3x

Answer

Let y = cosx.cos 2x.cos 3x

Taking logarithm on both the sides, we obtain

log y = log(cos x.cos 2x.cos 3x)

=> log y = log(cos x) + log(cos 2x) + log (cos 3x)
Differentiating both sides with respect to x, we obtain
ldv 1 d I d 1 d

= -(cosx)+ --—(cos2x)+———-——(cos3x)

yvde cosx dx cos2x dx cos3x dx

dv sinx sin2x d ., sin3x d ,,
==yl -—-- —(2x)=————(3x)

dx cosx c¢cos2x dx cos3x dx

(f,"‘ o) -~ -
2 i - = —COS X.COS 2X.C0S 3x [(an x+2tan2x +3tan .a.\']

dx

Differentiate the function with respect to x.

J (—1)(x-2)

(x-3)(x-4)(x-3)

Answer

a { (,‘-_])(,\‘—2)
G- a)

Taking logarithm on both the sides, we obtain
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o [ee
B '*Jr—»0—»(—

oo b | (3=1)a-2)
=xlogy= ilog‘. (r 3)(x 4)(x—5)

—logy= ][Iogl(\—l)(x— 2)}~log{(x-3)(x—4)(x-5)}]

=logy= %[Iog(.\' —1)+log(x—2)—log(x—3)—log(x—4)—log(x— ;)J

Differentiating both sides with respect to x, we obtain

1 d
x-1)+ x=2)-——.—(x-3
Ldy _1|x-1 dx( ) =2 d\( ) x-3 d\( )
ydx 2 d d .
L 4 (x-
“dx 5 dx
dy 1'( ] 1 1 1 1 )
- = |- B s e o B .
de 2\ x-1 x-2 x-3 x—-4 x-5

A 1| G-e=2) 1 1 1 1
"dv"v,(v»)(x«n(x—)[ : 4 x ]

Differentiate the function with respect to x.

yLosx

(logx)
Answer

Lety=(logx)™"

Taking logarithm on both the sides, we obtain
log y = cos x-log(log x)

Differentiating both sides with respect to x, we obtain
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1 dyv d a
—-—=—(cosx)xlog(log x)+cosxx _[log(log \)]
y dx dx dx

1 dy . 5
= —.—— = —sin xlog (log x) +cos x x "z \oex)

¥ dx k)g X dx

v ‘ , cosx 1|
= —— = y| —sinxlog(log -") ! R |

=7 logx x|

(1_\' COSXY

—sinxlog(log \)J

s—=—=(logx)™ [

dx xlog x

Differentiate the function with respect to x.
o inx
Answer

Lety=x*—2""
Also, let x* =y and 2" =y
S y=u—v

dy _du dv

de dv dx

u=x:
Taking logarithm on both the sides, we obtain
logu = xlog x
Differentiating both sides with respect to x, we obtain

ldu _ { f{_(,\-)xlog.\'-%.\‘x-‘!*(I(’g-")]

udx |dc’ dx
du 1]
= —=u|Ixlogx+xx J
dx X
du ;
= —=x"(logx+1)
dx :
du >
= —=x"(1+logx)
dx
vV = Zsin X

Taking logarithm on both the sides with respect to x, we obtain
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logv=sinx-log2

Differentiating both sides with respect to x, we obtain
1 dv : SO
~2 o Iog'l-c—(smx)
v odx dx ’

dav
= —=vlog2cosx

dx
I.f\»’ sin T
= —=2"""cosxlog2
dx
Eﬁ: x f : sanx
So==x"(1+logx)=2""cosxlog2
dx ' ‘
Question 5:

Differentiate the function with respect to x.
(x+3) .(x+4) (x+5)’

Answer

Lety=(x+3) .(x+4) .(x+5)’

Taking logarithm on both the sides, we obtain
log y = l()g(.\‘+3)? + log(x+4)‘ +log (x + 5)J

= log y =2log(x+3)+3log(x+4)+4log(x+5)

Differentiating both sides with respect to x, we obtain

lfﬂz?_- ] -i(.\'+3)+3- I -i(.\'+4)+4- ! -i(.r+5)
v dx x+3 dx x+4 dx x+35 dx

dy 2 3 4
D——=y + +

de | x+3 x+4 x+45

dy 2 \3 4 2 3 4
= =(x+3) (x+4) (x+5) - - +
(x+3) A ) |:,t+_$ x+4 .\'+5}

3@:(_HS):(.\.M)K(HSY {z(_\-w)(ﬂsps(“3)(A\-+s)+4(A\-+3)(.1-+4)}

(x+3)(x+4)(x+5)
=2 =(x+3)(x +4)’ (.\'+5)3 -[2(_\*: +9x+ 20)4—3(.\’2 +8.\'+]5)+4(.\'2 +7.\'+]2)]

= (x4 3)(x+4)" (x+5) (907 +70x+133)




Differentiate the function with respect to x.

/ \ X (1.}

\' X+— j +x
. x)

x )

Answer
f I "Nl l'- I+ 1 "‘
Let ¥y= ’ X+— ‘ +x- &
\ x )
: iy ‘ I+
Also, let u= [ o | e 5=
o
Sy=utv
dv du dv _
e & (1)
de  de dy !
' ] WX
Thcn. H=| Xx+—
\ x )
¢ ] 3
— |ﬂgu = ]ng Y —
% X
|{> '.'
= logu =xlog| x+—

Differentiating both sides with respect to x, we obtain
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1 a‘u_ d

~-~_'—[_x:)'x]m:{.mwl]+_ar:-<i l@g[.ﬁl]
w ody de L dx x

ldu 1 1 di 1
= ———=lIxlog| x+— |+xx- —| X+—

u clx X 1) o X
. s _

S
-
S

1] x -1
log| x+— |+ ——

dhx ; J i x) x +I:|

du ( 1Y %2 -1 . :
— = x+— —— +log| x+— il 2
dx ‘_.\ X J x +1 DEL‘ X J ( )

| { lﬁ;q
= logv=Ilog| x* "

{ 10
= logv =’ 1+—
'\' X A

log x

Differentiating both sides with respect to x, we obtain
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b

ldv |df, 1 (1) d
—_—= ) 1+ xlugx+ll+ J log x
%, LX) dx

v odx | dxl

| d\! i 1 ! ) i 1 ) 1
:-——:\——‘ IOg,\:"‘ I+_"_

vy | x k) X

1 dv logx 1 1
== &. +—+—

v dx x ¥ X

dv —logx+x+1
> —=y——F

dx x°

v §

dv o x+l—logx )
v [ fogx | -(3)

dx x

Therefore, from (1), (2), and (3), we obtain

dy [ I]‘xf—l [ 1) _“i/x+l—ng1
— = X+— —+log .\'+—l +X | —————
dx x) | x +1 x) \ b

/

Differentiate the function with respect to x.
(logx)" + "

Answer

Lety = (logx) +x"*

Also, let u = (log ,,) g e

Ly=u+v
dy  du  dv
= ——=—x

E_ dx

u = (log x)*

— 1
= (1)
= logu = log[(log .\')\J

= logu = xlog(log x)

Differentiating both sides with respect to x, we obtain
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| du d ; o
—_= x)xlog({logx)+x- log(log x
e ( )xlog(logx)+x- [log(log )]
Pyl 1 d
= —=u| I=log(l + —|1
i u 1 :-c ug( 0g x] X — d\:( 0g Y)J
di—(logr r}'I-Og(lo x)+ 1
dx el | . Iugr x
= di =(logx)" [ log(log t}+ }
cfx | log x
s du _ (log x)’ lug{ log x)-log x+ 1]
cx i log x
du .
= —=|(log: 1+1 log(log. el 2
- (lo [ og x.log( L‘t’):] ( )
e lorg x

= logv —Ing[xlur)
= logv=logxlogx=(logx f

Differentiating both sides with respect to x, we obtain

lﬂ: ('I‘[(log.\'):}

= _. - 2.‘.Inv vl | log x (3)

Therefore, from (1), (2), and (3), we obtain

= =(logx)" '[ +log x.log (log \)]4 = log x
dx

Differentiate the function with respect to x.
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(sinx)" +sin”' Jx
Answer
Let y = (sinx)" +sin”' yx
Also, let u = (sin 1)‘ and v=sin"'\/x
LY=u+v

dy du dv

G e

de  qx  dx
u=(sinx)’
= logu = log(sin x)’
= logu = xlog(sinx)

Differentiating both sides with respect to x, we obtain

ldu d o d si
- e E(x)x log(sinx)+x XEDOE(S”‘ "):l
jﬂ :z;[]-lug{sin.\') +Xx- 'i(Sin 1)}

dx : sinx dy
=% o (sinx)’ [log(sin x)+ el lJ

b sinx

du N i ;
— e (sinx) (xcotx+logsinx) (2)
v=sin"'x

Differentiating both sides with respect to x, we obtain

dv ] d
L R N N
dx I—(\/;)— d.\'( )

dv_ 1 1
dx J1-x 2\/;
dlt B ]

(9%
S—

= R = 3 r—d;-*x:' ‘..(

Therefore, from (1), (2), and (3), we obtain

ﬂ = (sin x)" (.\‘COt x +logsin .\‘)‘

1
dx 2Jx=x?
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Differentiate the function with respect to x.

sin x cosx

+(sinx)

Answer
Let y = x™™ + [sin . }
Also, let u =x™" and v =(sin \)L
SV=u+v
dv du dv
=t
dr  dy  dx
o =
= |0g = IOg(_x“”‘ ».')
= logu =sinxlog x

Differentiating both sides with respect to x, we obtain

ldu d,. . . d
———=—(sinx)-logx +sinx-—(log x)
ude dx ' dx
_du { .1 J
= —=u|cosxlogx+sinx-—
dx x
die e sinx
=—=x""|cosxlogx+ ™ 4
dx x '

v=_sinx)""
= lUg V= ]Og (Sin x )L‘u:-_t
=> logv = cos xlog(sinx)

Differentiating both sides with respect to x, we obtain
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:-% = %(cos x)xlog(sin x)+cos x x %[Iog(sin V)J
= Zl = v[—sin x.log(sinx)+cosx- sill1 = ;i (sin \')J

dx i

dv o yemx| . ; Cos x
= —=(sinx)" " | —sinxlogsinx + oS X
sin x

= Z—‘ =(sinx)™"" [~sin xlogsin x + cot xcos x|
x

= Z—‘ =(sinx)"" [cot x cos x—sin xlog sin x|
X

From (1), (2), and (3), we obtain

dy _

oy sin.x . \o08X 5 ;
2 X cosxlogx+—— |+(sinx) [cos.\' cotx—sinxlog sm.\']
dx

X

Differentiate the function with respect to x.

r.u.‘u.\.\ "-: iy l
x -1
Answer
TCrE "Y: + 1
Lety=x"""4+—
x -1
& x +1
Also, let w = x™"" and v="—= :
X —

Ly=utv

dvy  du dv
—=—

-(1)

dr dx E

_U0E T

H=Xx

| TCOST )

= logu =Iug(1

= logu =xcosxlogx

Differentiating both sides with respect to x, we obtain




Class XII Chapter 5 - Continuity and Differentiability

Maths

|l du d o d
=—(x)-cosx-logx +x-——(cosx)-logx +xcosx-—(logx)
wdx dv dx ' dx
du . 1
= —=u|1-cosx-logx+x-(-sinx)logx+xcosx-—
dx ’ x
3 a’u vorsy .
— = x""""(cos xlog x — xsin xlog x + cos x)
dx ‘
. d" KOS Y 4 R
=>—=X [cos:x(l+Iugx)—xsm.rlogx] |
dx
% +#]
v=—
x =1

= logv= Ing(:x: + I) - Iog{x: = I)

Differentiating both sides with respect to x, we obtain
ldv _ 2x  2x
A S
dv 2.\'(.\'1 - l)— 2.\'(x3 + l”
=>—=V e .
dx (x +l)(.\" —l) [

-

dv  x*+1 ~4x
= —="F—X —
de x"=1 (.\': 4 I)(.\'z —l)
41‘_: e, 2 -(3)
&% (\ - l)
From (1), (2), and (3), we obtain
i S [cos x(1+logx)-xsinxlog .\'] = L
dx (‘\.1 = |)“

Differentiate the function with respect to x.

1
(xcosx) +(xsinx)s

N




Answer

o |
Lety= (x Cos ..1')\ + (».‘c sin x).k

I
Also, let = (xcosx) and v = (xsinx):

Ly=su+v
B _du & (1)
de  dx  dx :

= d

u=(xcosx)
= logu = log(xcosx)’

= logu = xlog(xcosx)

= logu = x[log x +logcos x|

= logu =xlog x+ xlogcosx

Differentiating both sides with respect to x, we obtain
Vdu_d

d
xlogx)+ —(xlogcos:
u dx aix'(r g\') dx(Y Bt Y)

= % = u[{logx';—i(.xhx-%(logx)}+{logcosx-%(-")+x’%(1020053‘)H

- % =(xcosx)’ [(Iog,\ul+x.'-i]+{logcosx.l+x-colsx -%(cos.\')}:'

™ % = (xcosx)’ [(log-"’L|)+{logcosx+izx-(—sin A)H
du

e (xcosx)’ [(l +logx)+(logcosx—xtan ‘)]
= ZI: = (xcosx)"[l —-xtanx+(logx + logcosx)]
_ du _ (xcosx)'[1-xtanx+log(xcosx) | Q)

dx




|
y= ( xsinx)x

1
= logv = log(xsinx )«

= logv = lIofg (xsinx)
X

= logv = ]—(lngx +logsin x)
X '
] 1 .

= logv =—log x+—logsin x
i x

Differentiating both sides with respect to x, we obtain

ldv df1 d|1 )
= log.x |+ log(sinx)
X dx| x

v dx d.t J

o (1) (0g) | iogsin ) )L frogsin)]

v dx dx\ x x dx X dx

v [ .
= — Loy log.r-(— ],]+l~l}+[log(smx)-{— l,j+1~L —(sm r)]
B X X X A Y sinx dx

\dr

A log(sinx
:lﬂzlz(l—logx)*{— og,(s:n\)+ ] -cosx}

vdx Xx x° Xsinx

2 1 [ s ] inx )+ x
gl _ it l I?”'\ , ~log (sin \’)+ x cot \}
dx s >
:>—h—-(\'s|n 5 l—Iog.t—Iog(fmx)+.rcot.\}
dx I X
dv 5wl -l—log(A\'sinx)—%xcolx s
= — = (xsinx)s
T (xsinx) - = (3)
From (1), (2), and (3), we obtain
,. ; tx+1-1
%:(xcosx)‘ [1-xtan x+log(xcosx) |+ (xsinx): {wo s x“Og(‘bm ‘)]
Question 12:
dy

Find dx of function.
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Answer

" .‘ —_
The given function ISV ViR =1

Letx =uandy*=v
Then, the function becomesu + v =1

. du N dv 0 (1)
dx  dx o
i = X

= logu =log(x")
= logu = ylogx

Differentiating both sides with respect to x, we obtain

1 du ay
—_ Inr_—~+1 —(logx
u dx i de T dx ( )
_ du [ dy ]}
=u|logx—+y-—
u"\ dx X

du , dy y)
=—=x"|logx—+=
dx de  x,

-(2)

W= _1.!"
= logv= log(}-"')
= logv=xlogy

Differentiating both sides with respect to x, we obtain

1 dv d d

= log y - x)+x-—(log y

v odx = ai\'( ) d\‘( “')
dv ( | d\ ‘

=—=v|logy-1+x-— - —
de |\ ¥ d\ i

—_S g‘::y“ (IOL\ +”i1‘-J (3)
dx \ y dx

From (1), (2), and (3), we obtain
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=0

! dl yV ) ( X dv
log x —+
\ dx \'J \ v dx )

= (.\'~" log x + xy* ')dy == (}'.\""" +y" log _1’)

dx
cdv o+ ytlogy
dx ¥’ log x +xy™'
dy

Find dXx of function.
Answer

The given function is? ~*

Taking logarithm on both the sides, we obtain
xlog y = ylogx

Differentiating both sides with respect to x, we obtain

log y- :7{ (x)+x- ~;i(l()g y)=log \L/l (»)+y- ‘TI (logx)

dx dx dx dx
| dy dy |
=logy-l+x-——=logx-—+y-—
v dx dx X
x dy dy vy
= logy+——=logx—+=
ydx dx x
( x \dy vy
=>|—-logx [——==—-logy
\y Jdx x
|/,\'— ylogx Wd\ y-xlogy
Q_ ——— ——
\ y ) dx 3%

\
Cdy _vf_v—xlog_vJ
Rl S 4] [ e~ 5

Tdx x| x-ylogx
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Answer

The given function iskeas) (o)

Taking logarithm on both the sides, we obtain
vlogcosx = xlogcos y

Differentiating both sides, we obtain

dy d d d
logcos x-——+ y-—(logcosx) = logcos y-— (x)+x-—(logcos y)
dx dx dx dx
ay 1 d 1 d
= log cosx—+ y- ——(cosx)=logcos y-1+x-————(cos y)
dx cosxy dx cosy dx

dy y . X . dy
= logcosx =+ ——(-sinx) =logcos y+ ——(-sin y)-—
dx cosx cos y dx

dy dy
= logcosx—— ytanx =logcos y—xtan y—
dx dx

dy
=>(logcosx+xtan y)—- = ytanx +logcos y
dx

_dy ytanx+logcosy

dx xtany+logcosx

dy
Find dx of function.

Atiswer

The given function is™” =e"™

Taking logarithm on both the sides, we obtain
log(xy)= Iog(a" M)

= logx+logy=(x—y)loge

= logx+logy=(x-y)xI

=logx+logy=x-y




Differentiating both sides with respect to x, we obtain

d d d &
—(logx)+—(logy)=—(x)-—
d.\'( ex) (I'.\'( ey) c/.\'( ) dx
11 _, &
X ydx dx
(,, 1)y 1
9 y) dx X
[r1)d_x-1
J\ vy Jdx X
dy y(x-1)
Tk x(y+1)

f(x)=(1 +.x')(l —:-.\"‘)(YI +x* )(I —xs)

Find the derivative of the function given by’ and hence

find / (I)
. Answer

X T (I | X gl 4 S
The given relationship isj ('\)7(“")(' g )(|+" )(] X )
Taking logarithm on both the sides, we obtain

log f (x) = log (1+x) +log(1+x’ )+log(1+x*)+log(1+x")

Differentiating both sides with respect to x, we obtain
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1 dr . d d o d d
. x)|=—log(l+x log(1+x~ log(1+x" log (14 x*
/(\) d.\‘[‘/(‘):l dx g +\)+d\‘ 0&( . )+d.\‘ O&( K )+d\' Ob( = )

1 33 1 d; 1 d .~ 1 d 3 1 d :
— " (x)=———(1+x)+ — (14 X% )+ —(14+x* )+ —(1+x
:>f(0 7'(x) l+x¢h( ) l+x3¢h(-+r) ]+x“¢h( Y) ]+x“¢h( \)

o n 1 1 1 3 1 7
X)=f 2 -4x -8x
= /(%) 'f(v)|:l+x+l+.r3 Y+l+x‘ ' +l+x“ ™ ]

| 2x 4x* 8x’
5+ ——
I+x 1+x° 1+x 1+x
| 2x1  4x1® 8xI’
1 — + =+ =
I+1 1+1° 1+1 1+

(%)= (l+‘\')(l+x3)(l+.\“)(l+.\""')[
Hence, f"(1)=(1+1)(1+17)(1+1")(1+ 1")[

x*=5x X +7x+9). '
; H'S)(‘ L. )ln three ways mentioned below

Differentiate (
(i) By using product rule.

(ii) By expanding the product to obtain a single
polynomial. (iii By logarithmic differentiation.

Do they all give the same

answer? Answer

Lety =(x"—5x+8)(x’ + 7.\'+9)

(1)
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letx’—=5x+8=wandx’+7x+9=v

LYy=uv
B (By using product rule)

dx dx dx
= % = :Ti_(.\*3 —5x+8)-(x'+7x+9)+(x* —5.\'+8)‘%(.\"‘ +7x+9)
= % =(2x-5)(x" +7x+9) +(x* - 5x +8)(3x° +7)

dy

= = = 2x(x-‘ +7x+9)-5(x’ +7x+9)+x: (3x2 +7)—5x(3x2 +7)+8(3x* +7)

dx

= . (2x‘ +14x% + 18.\-) ~5x' —35x~ 45+(3x‘ +7x° ) —15x* =35x+24x> +56
z

W 58 205" + 4552 =525 +1]
dx

(i)
y= (.\'2 —5.\‘+8)(x3 +7x+9)

=x° (.\"" +Tx+ 9) - S.x'(_\" +Tx+ 9) + 8(.\'1 +7x+4 9)
=x +7x +9x7 =5x* =35x" —45x +8x* +56x+ 72

=x" =5x+15x° =26x% +11x+ 72

(iv = ‘Z—(.\'S =5x* 1527 =263 +11x + 72)

dy dx
— =5 (15D () =26 L () 411 () + L
_d\'(x) Sd.\‘(l )Hsdx'(x) 26cir(x )+llm(.\)+(1‘_(72)

=5x" =5x4x’ +15x3x* =26x2x+11x1+0
=5x* 0 1455 - 52x+11
(i) y= (x —5x+8)(.\-‘ +7.\‘+9)
Taking logarithm on both the sides, we obtain
log y = log(x’ ~5x+8)+log(x'+7x+9)

Differentiating both sides with respect to x, we obtain
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ldv d 5 d 1
—=—log|x - 5x+8)+—log[x +7x+9

yvdx dx ( ) dx ( )

1% =%‘i(f —5.\'+8)+.__]7‘ i(_\*‘g +7x+9)
ydx a7 -=-5x+8 dx A +Tx+9 dx *

» —Sxa¥ X +7x+9

[ 2x=-5 . 3x° +7
_13—5.\‘«%8 ©+7x+9

=== (x* = 5x+8)(x' +7x+9) (-2 (= T?XJ“Q)J“(T’_X-+7.)(,"'-_5x+8)
dx : il (.r‘—Sx+8](m"+7.x+9}

.4 = 2x(x*+ Tx+9) = 5(x" 4 7x+9)+ 327 (x* = 5x+ 8)+ 7(x* - 5x+8)
dx : : ' :

— & = (ZxJ +14x" +1 Sx')—jx“ —35x—45 +(f’m€i —15x +24x° )4—(73‘2 —353{4—56)
dx j

. ﬂfl" = 4 i 3 4= .2

= —=5x"-20x" +45x" - 52x+11
dx

From the above three observations, it can be concluded that all the results of

d}’

dx are same.

If u, v and w are functions of x, then show that

d du dv dw
—(uvw)=—vw+u.—w+uy.—
dx dx dx dx
in two ways-first by repeated application of product rule, second by
logarithmic differentiation.

Answer

Lot V= HVW= u.(v.w)

By applying product rule, we obtain
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:2 ZI: (v. |)+u—(\ w)

dv _ du 'F dv dw
== =— VWU — WV — (Again applying product rule)
de  dx | dx dx
dv  du dv dw
> = VWU — WUV —
dx  dx dx dx

By taking logarithm on both sides of the equation = #-¥W 'we obtain
log y =logu+logv+logw
Differentiating both sides with respect to x, we obtain
:. . Z‘\ = ;’{\ (logu)+ ;i(log v)+ ;i(logw)
Ldy_du Ldv 1w
y dx wudx vdx wdx
S8, (L i, i)
dx

dy ( ldu ldv 1 a‘w)
= uvW.| —— +- ;

+
ude vde wdx

=D et =

dx ude vdx wdx

dy du dv dw
S = e s Ve WA U WA UV
dx  dx dx dx




If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find dx .

x=2m2, y=ar

Answer

. . - =2at> y=at?
The given equations are * = 2af” and y =at

'I'hcn.é = i(zat: ) = 2a~%(_1: ) =2a-2t =4at

dt dt

d".—~i 4;‘i.‘:_,_'~:,,‘
E—df(al ) a d{(l ) a-4-t" =4at

If x and y are connected parametrically by the equation, without eliminating the
parameter, find dx
X =acos 6,y =bcos

8 Answer
The given equationsare x = acos 8 andy =b cos 6

. Ix i : ;

I'hen. & = (—(a cos@)=a(-sin@)=-asind
do do

dy d

- E(b cos@)=b(-sin@)=—-bsin0

(dy
. dv _\dB) -bsin@ b
Vdx (dx) -asin@ a
\dé )




If x and y are connected parametrically by the equation, without eliminating the
ay

parameter, find dx

X =sint, y = cos 2t

Answer

The given equations are x = sin t and y = cos 2t

, dc d,.
[hen, — =—(sint)=cost
didt
dy d . d .
— =—(cos2r)=—sin2¢-—(21)=-2sin 2t
dr dt dt
( d_\')
dy \dt) -2sin2t -2.2sintcost e
W <= = =—4sin¢/
dx ( dx cost cost
\ di v

If x and y are connected parametrically by the equation, without eliminating the

d)‘

parameter, find dx

x=4t, y=—
!

Answer

4
The given equations are X =47 and y = 7
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fi.rz d‘(’a;;'):;;
dr dr
ﬂ_ d

=4-

>

4
dt d![._!; ARD, V) P

o (a) (7) -

A

Vv [dx | 4 !_

d f’l]z*‘f lw 4

If x and y are connected parametrically by the equation, without eliminating the
&‘
parameter, find dx .

x =cosf—cos20, y =sind—sin 20
Answer

The given equations are * = cos@ —cos 20 and y = sin @ —sin 26

Then, L = 4. (cos@—cos26) = a (cos@)- 2 (cos28)
do do do do

=—sinf - (--25in 20) =2sin26 -sin@

! sin@ —sin26) =—(sin@)—-—(sin 2
dv d 0 20 d 0 d 20
do do do dé

=cosf —2cos26

fd_y
cdv \d()) _ cosf~2cos26
T (dx )  2sin20-sind
\d@

If x and y are connected parametrically by the equation, without eliminating the
dy
parameter, find dx

x=a(@-sin@), y=a(l+cosd)
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Answer

The given equations are * = a(@-sin@) and y = a(l+cosf)
dx

Then,— = 0)———(sind 1-cosé
o “ [dﬁ( ( . )J al )

=l G50+ 55 (c0s0) | =al0+(-sin0)] = -asine

[d.} J . X

&y _\da) -—asing TSIGEOST —C0ST N

“d\'_[d\‘J_a(_I—COS())_ 2Sin:0 - sina -7
de 2 2

If x and y are connected parametrically by the equation, without eliminating the
d}‘
parameter, find dx .

sin’ ¢ cos’ t
x= g Y= 7
\.f cos 2t Veos 21
Answer
. } 3
sin’ ¢ cos’ ¢
x= andy =

The given equations are Veos 2t Veos 21
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Then d_v_i[_&inf‘f 1
"dt  dt| \Jcos2t
Jeos2f - i(sm 1) sin"r-ixfcost
At dt

cos 2t

I
\/‘u)sz -3sin’ (- —(sm{) sin® 1 x ——— —(cos"!)
\}L-

os 2t dif

c0s 2t
s . 3
3Jcos 21 -sin’ reost - L
2/cos 2
cos 2t
_ 3cos2¢sin’ 1 cost +sin’ £sin 2
) Ccos 2f \/(;03 2

~2sin2¢)

ﬁ d cos’ f
dt dt JJeos 2t
Jeos 2t ;(cos :) CGS‘I‘%(*JCOSE{)

cosﬁr

| d
cos2t.3¢cos’ 1-—(cost)—cos’ 1. cos 2f
v ( )= PR (cos20)

cos 2t

o | , y
3+Jcos2t.cos’ t{—sint)-cos’ t-———.(—2sin 2¢
[ ) 2\Jcos 2t ( )

cos 2t
—3cos2i.cos’ t.sint +cos’ 1sin 21

cos 21 -+Jcos 2t




(%)
. d_)’ dt .

~3¢0os2t.cos’ t.sinf +cos’ 1sin 2/

" dx [ dx J
dr

Question 8:

3cos2tsin® 1cost +sin’ 1sin 2t

~3¢0s21.cos” £.sinf +cos’ 1(2sin cost)

3cos2rsin®fcost +sin’ 1 (2sint cost)

S

Sinf cost I:—_» cos 2t.cos!t +2cos’ l]

sint cost[3cos 2¢sint +2sin’ l]

[—3(2cos“ t—1)cost + 2005"11

[3(! &= 2sinzl)sinf+2sin‘l]

~4cos’ f +3cost

3sins—4sin’ 7

—cos 3t

sin 3¢

=—cot 3t

cos2f = (200521 —I).

cos 21 =(l—25in:1)

cos3t = 4cos’ 1 —3cost,

sin3f = 3sint —4sin’ ¢

If x and y are connected parametrically by the equation, without eliminating the

af1 :

parameter, find dx

{ i
x= u(cost«»—logtanEJ. y=asint

Answer

I s
X= u(cost +log tan ;J and y = asinft
The given equations are “




Then,d—x: f(mw]ak—!
dr v di |,

log tan — ]]

, |
=g —SsInf+ 7 T tanj;
ta]] at : o

2

. ! 5
=qa| —=sini 4+ cot 5 -8ec”

=g|—sint+

=g|—sinf+

; {
2sin —cos
P >

F o

( II'II+—J
L
l"

sint
—sm E 41 )
=q ‘
L sin J
cos’ 1
=q—
sint
ay
K —u—(sm.r)—c.rcoql
P s di

{iﬁ |
. dy drj_ _acost _ sint
" dx {dl‘ ( cos’t) cost
a—.
Lt ) L sint

-= tanf

If x and y are connected parametrically by the equation, without eliminating the
d_\‘
parameter, find dx

x=asecl, y=btan@
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Answer

The given equations are* =asect and y=htan @

Then, & =4 i(sec 0) =asecOtand
do deo

izb-i(tan())=bsec:()
de do

d
dv \deo bsec’ @ b bcos@ b 1 b
S——= = =-—secHcold = —— = —x——=—C0sec &
dx (d.\‘] asecftan@ a acos@smf a sinb a

dae
Question 10:

If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find dx

x=a(cos@+0Osinb), y=a(sind—-0Ocost)

Answer

The given equations are * - a(cos@+0sin@) and y = a(sin@—0Ocosb)

Then, L. i<,030+—(()\>1n()) —sin()+()i(sin())+sil1()i(())
deo deo da do
=a[-sin@+@cos@+sinf]|=ab cos
o [ d (51116)——{((9c050):|=a cosf — IB—I(cos¢9)+uosﬂ —(0 l
o | do do | a0 J
=a[cos@+0sinf ~cos 0|
=afsinf

o).
ﬂ: do) afsind ~{nd

dx [d\') af cosf
do




Question 11:

sm cos ! d" V
x=va™ ', y=+va™ ', show that T=—'—
f ax

I X
Answer
- Lsin S o _cos' ¢
The given equations are ¥ = V@ ' andy=va
| I | —
x=+a™ "and y=va™ '

| |
— 1= ((Ism r )" Hnd_}" :{”{'m l).1

| g 1
LA I cns

=5 — O
> x=a’ and y = a’

[
s J

Consider x = a”
Taking logarithm on both the sides, we obtain

|
log x = _sin 'tloga

I dx 1 o
So—r—=—loga- sin~' ¢
x d 2 5 ot ( )

:}dx:iluaa- !
a 2 - -2
dv  xloga

dt afi-g

1 o
W
o

Then, consider y =a
Taking logarithm on both the sides, we obtain

 p—
log v = - cos floga

: l-ﬁ—llogcr-i(ms 't}
Ty de 207 det :
_, dv_yloga o "

dl 2 Ny
— dy _ —vloga

——
)

dt 2\1-¢°




\

[((1‘ \I (—}'log(/’
cdy _\dt) \2N1-¢*)_ y

dx (d-\' \ "r xloga ) X
\ (7” Y,

\ 2VIII T ,: >

Hence, proved.




Find the second order derivatives of the function.

x +3x+2

Answer

Latie X +3x42

Then,

dav d; .\ d d ,
—=—(x" )J+—(3x)+—(2)=2x+3+0=2x+3
dx d.\'( ) dx(“) (I.\‘( y=33 SR

d—‘=i 2x+3)= 6 x)+ d
dvc  dx

Find the second order derivatives of the function.
i

X

Answer

Let “, = .\':“
Then,
B _d (n) 0,0
de  dx’

~d’y ikl

= (20.\""):20i(.\"“):20.|9~.\-'“ =380x"
dx”  dx dx

Find the second order derivatives of the function.
X-COSX

Answer

LetV = X-cCOsX

Then,
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dy d ; dss d ; g
— = —(x-cosx)=cosx-—(x)+x—(cosx)=cosx-1+x(—sinx)=cosx—xsinx
oL e e L L
o
A dy
; A d i
= —sinx—|sinx-—(x)+.x-—(sinx)
dx

dx

[cosx—xsinx]= %(cos x)- %(\ sin x)

= —sin.x—(sin.x+xcos.x)

= —(xcosx+2sin.x)

Find the second order derivatives of the function.
log x

Answer

Let.y =logx

Then,

i = (—{(log.\') = 1
de dx’ X

Ay d(1) 2
U det de\x J x

Find the second order derivatives of the function.
x’ log x

Answer

LotV = x log x

Then,
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D _ 47 togx]=logx-L(x*)#x* 2 (logx)

d\ d‘r dx dx

2 5 1 2 )
=logx-3x +x -—=logx-3x" +x°
X

=x*(1+3logx)

L dy _dr ooy
“EF [.1 (_l+3|ngx)}

=(1+3lngx) I(\" }Jrl T{(I+3I051)
) ' ax

dx

=(.1+3|0gx)-2x +x° i
' ¥

2x+6xlogx+3x
=5x+6xlogx
=x(5+6logx)

Question 6:

Find the second order derivatives of the function.
e'sinSx

Answer

LetY =€ sinSx

=SI2X€ +¢€ ‘CUSJ.\"T(.‘)X)-_—L' SHIT2X +€ CONOXD
ax

=e" (sin 5x+ 5¢0s 5x)

(;1 -2 [ “(sin 5x + Scos 5x ]
X°ax
= (sin5x + nosw) (e )o e*-—(sin5x+5c0s5x)
g . : d ]
=(sin5x+5cos5x)e” +e*| co ﬂ\)+\( sin 5x)- 1(5\’)
‘ dx
=e"(sin5x + 5cos5x)+ e* (5 cos Sx - 25sin 5x)

Then, =e"(10cos5x—24sin 5x) = 2¢" (5cos Sx—12sin5x)
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Find the second order derivatives of the function.

e cos3x
Answer

Lety =e"" cos3x
Then,

<L (66"-cos3_r) - cos3x- d (t’("")“’“‘ d (cos3x)
dx dx dx ; dx

-cos3x-e™ ;_{r(ﬁr) +e* -(—sin3x)- %(N)

6e"* cos3x —3e™ sin3x (1)
“j;l = :l{\' ((')e""' cos 3x —3e°* sin 3.\') =6- :i (e"I cos ‘3.\') 3. :;" (e."" sin 3.r)
=6- [6«""' cos3x -3¢ sin 3.7:] -3 sin 3x %(e') +e™ - %(sin 3x) [ Using (1) ]

=36e™ cos3x —18¢" sin3x — 3[sin 3x-e¢™.6+e* -cos3x-3]

Hx

= 36e™ cos3x —18¢* sin3x —18¢™ sin 3x —9¢™ cos3x

27¢% cos3x—36¢° sin3x

=Qe®* (3 cos3x —4sin 3.\'_)

Find the second order derivatives of the function.

tan”' x
Answer

—_— ‘I .
Let? = tan  x

Then,
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ﬂ_i x - |

dx —d‘_(tan '\) 1+x?

Ay df 1\ Aot oyt da

Cdx? “dx[n.xl)"d\.(l"‘ ) *( l) (|+.\ ) (ﬁ(l-&,\ )
1 -2x

Find the second order derivatives of the function.
log(log x)
Answer

.= log(log x)

Then,
dy d 1 I d I i
—=—/|log(logx) |= -—(logx)= =(xlogx
dx dx[ e( b\)"' log x d\'( ex) xlog x (xlog:x)
% = %i(\ log x) I] =(-1)-(xlogx) ! ((li\(l log x)
=—;r[Iog.\"i(xhx-i(log.\')]
(xlogx) dx dx
-‘—‘[noo et l}-—‘('*"’g”
(xlogx)' L~ x| (xlogx)’

Find the second order derivatives of the function.
sin(log x)
Answer

Let” =sin(log x)

Then,




Maths

Class XII Chapter 5 - Continuity and Differentiability
0. i[sin (logx) ]| =cos(lo \‘)-i(lo 3 x) = sos(log)
dx dx &%, S8 dx B C
LAy _d cos(logx)

Cdet dx X
L X Z\- [cos(log x)] —cos(logx)- :/1\ (x)
%
x| —sin(log x)- ‘; (logx) |- cos(logx).1
— L C \‘ -
- X
~xsin (logx). La cos(logx)
= X :
X
s [sin (log x)+cos(log x)]
= =
Question 11:

d’y

—=+y=0
, prove that gy* -

»=5¢c0osx—3sinx
1f) COS. X —3sIn X
Answer

It is given that, ' = Scosx—3sinx
Then,




dy d

4

=~ =—(5c0sx)- ~-dA(3sin.\') = 5~l{—(cos.\') - 3:11 (sinx)
dx [

dc dx dx
=5(—sinx)—3cosx =—(5sinx+3cosx)
cd’y _d

= d\‘T dx

= —[5-%(sin x) +3-L71_(cos,\')J

[ZA% ax

~(5sinx+3cos \):|

= —[5cosx+3(—sin \)J
= —[5cosx—3sinx]|
— —._\“
Pl SO
(75 i

Hence, proved.

d’y

y — =l 2
IfY =95 % find dx” in terms of y alone.
Answer

gty —Je.
It is given that, V = €05 X
Then,

X




A (i)

Y=0€05" X =>x=CO5y
Putting x = cos ¥ in equation (1), we obtain

d’y  —cosy
IR "

dx _Vn(]_cosb}_,)
d'y  —cosy
dr’

V(( sin’ y)"

-CO08 V

o
sin” y

—COs V 1
= —

siny sin’y

»

d’y "
—>—==—cot y-cosec”’y

ar®

Question 13:

y=3cos(logx)+4sin(logx) ¥y, Xy +y=0

If , show that”

Answer

It is given that,” 3cos(log x)+4sin(logx)

Then,




o Lot} L]

E 3-}——sin(logx)-%(logx)}+4-[cos(logx)-%(logx)}

i ~3sin(logx) i 4cos(logx) 4cos(logx)-3sin(logx)

4!
X X X

.0 [4cos(logx)—3sin(]ogx)\J

T dx X

_ #{scon(tog:r)-3sin (log )} ~ {4cos(logx)-3sin log 1)} ()

¥

X >4{cos(logx)}' ~3{sin(log x)}' 1 ~{4cos(logx)~3sin (log x)}.1

x:

x| —4sin (log x).(log x)' —3cos(logx).(log x)'] —4cos(log x)+3sin (log x)

x:
x[--4sin(logx). L 3cos(logx). ] ‘— 4cos(logx)+3sin(logx)
_ x x ]

Y

-
~ —4sin (log x)—3cos(log x) - 4cos(log x) +3sin (log x)

2
~ —sin(logx)—-7cos(logx)

P4

X

XY rXY Y

2 [ —sin(logx)—7cos(log ,\)) i { 4cos(logx)—3sin (logx)
¥ ' x

)-’r 3cos(logx)+4sin(logx)

= —sin(log x)—7 cos(log x)+ 4 cos(log x) —3sin (log x) + 3 cos (log x) + 4sin (log x)
=0

Hence, proved.

Question 14:

>

Y ~(m +n)££‘£ +mny =0
1V = Ae™ + Be™ ., show that dx’ dx ’




Answer

It is given that, V = A¢™ + Be™

Then,
j% =A- %(6"’*' )+ B-%(e"l ) =4 .e"",%(nzx)-{- Bie™ '%(IL\‘) — Ame™ + Bne™
ZT} = %_(Ame”" + Bne’u) _ Am.i(‘,m ) +Bn- d (e’")

dx dx

TS d ’ (I 2 mx 2 nx
= Am-e"™ -—(mx)+ Bn-e" -—(nx) = Am’e" + Bn’e"

fx dx

d’y dy
s —(m+n)=—+mny

fx~ dx
5 a

= Am-e"™ + Bn ™ - (m + n) -(Ame"“ + Bne™ ) 1 nm(Ae"" + Be"")
= Am’e"™ + Bn’e"™ — Am*e"™ — Bmne"™ — Amne™ - Bn’e™ + Amne™ + Bmne"
=()

Hence, proved.

c - ‘.‘Ijl =49y
Y= 500e™" +600e™  show that e .

Answer

It is given that, ¥ = 500e™ +600¢ ™
Then,




Gr {:(? 7 )
d

=500-¢™ - =-(7x) +600-¢7" - —(-Tx)
dx ' d

=3500e™ —4200e
iz ' f re
2 = 35002 (e7) - 4200.

dx” ex

(e7)+600.

dx dx dx

d

dx

= 3500-¢™. % (7x) - 4200-¢ 7L (=7x)
de - elx -

=7%3500-¢™ +7x4200-¢

= 49x500e™ + 49 600e ™"

=49 (VS(}Ue” +600e77F )

=49y

Hence, proved.

(%)
1f [rl)=] . show that @~ \dx,
Answer

The given relationship is® (x+1)=1

e’ (x+1)=1
; l
= e’ =—
x+1
Taking logarithm on both the sides, we obtain
1
(x+1)

Differentiating this relationship with respect to x, we obtain

y=log




’ il Y - -
d;l: xJ.—l)i o J:(x+l]. 1 ,:—I
dx de\ x+1, T (x+1) x+l

oy 4 1) () )
Cdd de\x+1, ,\(x+l):’} (x+1)

d’y [ -1Y
:5—‘: —
ac® \x+1)

d'y (dvY
:> — —_

de® | dx )

Hence, proved.

V= (tah- | .\’): (.\‘: +1 )2 ¥y + 2'\’(",: + I)_,\". 2553

If- , show that

Answer

$ — 4 I :
The given relationship is"' (tan x)

Then,

d
¥, =2tan g 1 —( tan™' .\‘)
dx

S =215

1+ x°
= (I+.\':)_\', =2tan"' x

Again differentiating with respect to x on both the sides. we obtain

) -
(l + X )yZ +2xy, = 2(

I+ x°

= (1+2%) 3, +2x(142%) y, =2

Hence, proved.
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Verify Rolle’s Theorem for the

flx)=x"+2x-8 ,xe[-4.2]

function* Answer

The given function, f(-\') =x*+2x

[—4, 2] and is differentiable in (-4, 2).
f(-4)=(-4) +2x(-4)-8=16-8-8=0
£(2)=(2) +2x2-8=4+4-8=0
2f(-4)=f(2)=0

= The value off (x) at —4 and 2 coincides.

Rolle’s Theorem states that there is a point c € (=4, 2) suchthat f'(¢)=0

f(x)=x*+2x-8

= f(x)=2x+2

s e)=0
=2c+2=0
= c=-1, where c=-1€(-4,2)

Hence, Rolle’s Theorem is verified for the given function.

)
b, being a polynomial function, is continuous in
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Examine if Rolle’s Theorem is applicable to any of the following functions. Can you
say some thing about the converse of Rolle’s Theorem from these examples?

0 f(x)=[x] forxe[5, 9]
(i) f(x)=[x] forxe[-2, 2]
(i f(x)=x*-1forxe[l, 2]
Answer

/:[a, b]—> R, ¢

By Rolle’s Theorem, for a function
(a) fis continuous on [a, b]

(b) fis differentiable on (a, b)

(o) f(a) = f(b)

then, there exists some c € (a, b) such that -

f'(c)=0

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any
of the three conditions of the hypothesis.

0 S (x)=[x] forxe[5, 9]

It is evident that the given function f (x) is not continuous at every integral

point. In particular, f(x) is not continuous at x = 5and x = 9
= f (x) is not continuous in [5, 9].

Also, f(5) = [5] =5andf(9)= [9] =9
=~ f(5)= f(9)
The differentiability of fin (5, 9) is checked as follows.
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Let n be an integer such that n € (5, 9).

The left hand limit of / at x = n is.

+/ +/ -
li| AL 1)~ /( ” [N '] [H] = |lim b lim ! =00
[N h ‘;4!1 h—0 1 fi—=0 h
The right hand limit of / at x = n s,
(n+/ I;
lim / (-” ll) [”+ Z] [”] = lin =|lim0=0
f—>0 1 h »l h »(l (=)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
~f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of

Rolle’s Theorem.

. =[x [ X e 5‘ ()
Hence, Rolle’s Theorem is not applicable for/ (¥ [x] forxe[ ]

f(x)=[x] forxe[-2, 2

(i) -
It is evident that the given function f (x) is not continuous at every integral
point. In particular, f(x) is not continuous at x = =2 and x = 2

= f (x) is not continuous in [-2, 2].

Also, f(-2)=[-2]=-2andf(2)=[2]=2
S f(=2)# f(2)
The differentiability of fin (=2, 2) is checked as follows.




Class XII Chapter 5 - Continuity and Differentiability Maths

Let n be an integer such that n € (=2, 2).

The left hand limit of / at x = n is.
+/ +/ =

lim AL 1)~ /( ” [N '] [H] = |lim b lim ! =00

[N h ‘;4!1 =0 1 Ji—=0 h

The right hand limit of / at x = n s,

lim f(n+h)-f [n+/z] [n] e

h->0) h h (l

= Ilm 0=0

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
~f is not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of
Rolle’s Theorem.

y )= o] 7 * & —7 7
Hence, Rolle’s Theorem is not applicable for'/ (x) [\] o C[ == "].

(i) f(x)=x*-1forxe[l, 2]

It is evident that f, being a polynomial function, is continuous in [1, 2] and
is differentiable in (1, 2).

rf()=0)y-1=0

+f (1) # f(2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
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5 (2] = ‘j— [ T 2
Hence, Rolle’s Theorem is not applicable for-/ (") X' —ltory C[l‘ "].

11-5.5 Mx
If J [ ]_) B is a differentiable function and if J ( : )does not vanish anywhere, then
prove
(=5)# (5
that'/( ) '/( ).
Answer

J :[_5‘5] —R is a differentiable function.

It is given that
Since every differentiable function is a continuous function, we obtain
(a) fis continuous on [-5, 5].

(b) f is differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists c € (=5, 5) such that

-5)

i F(8)-F(-5
f'(e) G

=10f"(c)= 1 (5)-f(-5)
f'(x)

W
N | -

N

It is also given that -
s f(e)#0
=10f"(¢)#0

= /(5)-£(-5)%0
= f(5)= f(-5)

Hence, proved.

does not vanish anywhere.

(x)=x*-4x-3 . b
Verify Mean Value Theorem, if / ( ‘) ¥ ; in the interval[u ], where

Ef=landb:4_
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Answer

The given function is/ (x)=x"—4x-3

f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1,

4) whose derivative is 2x — 4.
f(1)=1"-4x1-3=-6, f(4)=4"-4x4-3=-3
Cf(B)-f(a) f(4)-7() -3-(-6)

s 1

b—a 4-1 3 ¥
Mean Value Theorem states that there is a point c € (1, 4) such that

W | W

f'(c)=1

['(e)=1
= 2c-4=1
5 (I .
=c=—,wherec==¢€(l, 4)
2 2 S

Hence, Mean Value Theorem is verified for the given function.

"(x)=x" =55 -3x

Verify Mean Value Theorem, if‘l in the interval [a, b], where a = 1 and

b = 3. Find all €€(1:3)for which
I'(e)=0" ahsvier

The given function f is” (x)=x"—5x"—3x

f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1,
3) whose derivative is 3x2 — 10x — 3.

F()="=5x1P=3x1==7, f(3)=3"-5x3"=3x3=-27

f(®)-r(a) £B)-r(01) -27-(-7

)=F(l)_ ==10
b—-a 3-1 3-1
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Mean Value Theorem states that there exist a point ¢ € (1, 3) such that f“(¢)=-10

f'(c)=-10
=3¢’ -10c-3=10
=3¢ -10c+7=0
=3c*-3¢-Tc+7=0
=3c(c-1)-7(c-1)=0
=(c-1)(3¢-7)=0

7 7 :
=c=1, —, wherec=—¢€(l, 3)
3 3
c=—¢€(l, 3)
Hence, Mean Value Theorem is verified for the given function and 3 is the

f'(c)=0

only point for which*

Examine the applicability of Mean Value Theorem for all three functions given in
the above exercise 2.
Answer

/:[a, b]—> R, it

Mean Value Theorem states that for a function

(a) fis continuous on [a, b]

(b) fis differentiable on (a, b)
(c)= J(b)-1a)

then, there exists some c € (a, b) such that ° h—a

Therefore, Mean Value Theorem is not applicable to those functions that do not

satisfy any of the two conditions of the hypothesis.




0 J(x)=[x] forxe[5, 9]
It is evident that the given function f (x) is not continuous at every integral
point. In particular, f(x) is not continuous at x = 5and x = 9

= f (x) is not continuous in [5, 9].

The differentiability of fin (5, 9) is checked as follows.
Let n be an integer such that n € (5, 9).

The left hand limit of / at x = n is.

+/ +/ -
lim AL 1) /( " [" '] [H] = lim 2= lim ! =
[N h ‘;4!1 fr—0 1 Ji—0 h
The right hand limit of / at x = n is,
A / /
m / (~”+ z) ["+ Z] [”] = lin =|lim0=0
h-0 h h m h .u h h—)

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n
~f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean

Value Theorem.

=|x| forxe|5, 9
Hence, Mean Value Theorem is not applicable for - ) [‘] or X ‘:[ ]

(i) f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.




In particular, f(x) is not continuous at x = -2 and x = 2
= f (x) is not continuous in [-2, 2].

The differentiability of fin (=2, 2) is checked as follows.
Let n be an integer such that n € (-2, 2).

The left hand limit of / at x =n is.

+/ +/ =
/(n 1)— 1 (n) [n 1] [n] S
_w h ‘:_.n p_n h -0 h
The right hand limit of f at x = n is,

+/ / iy
A ) o Y L ’] [l " = fim 0=0
h—0 h h »1 h m h h->()

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x
=n
~f is not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean
Value Theorem.

( — d v * & —7 ‘)
Hence, Mean Value Theorem is not applicable for /(%) [\] o C[ = "].

o e Y R : o)
(i) f(x)=x*-1forxe[l, 2]
It is evident that f, being a polynomial function, is continuous in [1, 2] and

is differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.




Hence, Mean Value Theorem is applicable

¥ 0 L VL i, TR, 2
for‘/ (-'\) kb C[l‘ "]. It can be proved as follows.

f()=r=-1=0, f(2)=2"-1=3
S(b)=1(a) _r(2)-7(1) _3-0_,
- b—a T B T

=1.5, where 1.5 E[I, )




Miscellaneous Solutions

Question 1:

(3x* —9x+5 )"
Answer
Lety=(3x"-9x+5 )‘,

Using chain rule, we obtain

dy = d~(3x" -9x + 5)9

de  dx
=9(3,\'"—9x+5)s-i-(3x3—9.\'+5)
=9(3x* ~9x+5) -(6x-9)
-9(3x" ~9x+5) -3(2x-3)
=27(n —-9\+S) (2x-3)

Question 2:

3 (3
SIN" X+ COS X
Answer

. 3
Let y =sin’ x+cos” x
cdv d

i = d—v(sin" .\')+ =

(Cos"‘ 1)

=3sin’ .7(-il—(sinx)+6cos5 x-i(cosx)
dx dx
=3sin’ x-cosx +6¢cos’ x-(—sinx)

= 3sin xcos x(sin x-2cos’ ,\‘)

Question 3:
(5-\_ ).‘vcml.v

Answer




Lety = (5x)
Taking logarithm on both the sides, we obtain
log y =3cos2xlogSx

Differentiating both sides with respect to x, we obtain

1 dy d d 1
——=3| log 5x-—(cos 2x)+cos 2x-— (log 5x)
»dx dx dx
dy Jis o2 ; d 1 diyg
— =3y| log 5x(-sin2x)-—(2x)+cos 2x-—-—(5x)
dx dx Sx dx
dy i s cos2x
—=3y| -2sin2xlog 5x +
dx L X
dy [ 3cos2x :
= —=3y| ————6sin2xlog 5x
dx | X
dy sens2r [ 3€0S 2 ; 2
s——=(5x)""""| —————6sin2xlog 5x
dx x

sin”' (n/r\—) 0<x<1
Answer
Let y =sin™' (\\/:)

Using chain rule, we obtain
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ay d .7
—=—3in" [xx
& as ]

| g |
- <L ()
h-(xdx) &
U
1 d'(iﬁ
s —| x2
V]—\‘Cﬁa A
1 3
— x R
| 3 #,
\ I —x &
_ 3J;
241-x
3 x
2Y¥1-=2"
| X
cos—
£ 2<x<2

T
V2X+7

Answer
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4
cos
2

Lety= =

V2x+7

By quotient rule, we obtain
dy

V2x+47 d [cos‘I x)—(cos" xJ d (\/2x+7)
_ dx dx

dx ( 2x+7)2

| SO D e

2x+7

s

—2x+7 0875

Va—x* x(2x+7) (\)2x+7)(5x+7)

e
cos
>

1
= — + £
Vd=x*\2x+7 (2x+7)-2

Question 6:

| V1+sinx ++/1-sinx
ot ,0<x<5

J1+sinx - \/l —~sinx

Answer




Lety=cot™ {

VI+sinx + \/l—sin.\-
JV1+sinx —1—sin x

Then \/l +sinx ++1—-sinx

V1+sinx —+/1-sinx
(\/l+sin X +\/l—sinx):
(\/l +Sinx — \/l —sinx)(\/i+sinx + \/l —sinx)

. (l+sinx)+(l—sinx)+2\.((]—si11.r)(l+sin.\')

(1+sinx)—(1-sinx)

I
2+ 24/1—sin’ x
2sinx
1+cosx

sinx

=

1

2¢08° —

o

ne X
2sin - cos
2 2

X
= cot —
2

Therefore, equation (1) becomes

X
y=cot ' [cot—]
’ 2

X
=>y==
2
dv 1d
So—=——(x
dx Zd\'()
& _1
dc 2
Question 7:

(logx)*™", x>1

Ancwer

Let y = (logx) ™"
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Taking logarithm on both the sides, we obtain
log y = log x-log(log x)

Differentiating both sides with respect to x, we obtain

ldy d
——=—/| log x-log(log x
v dx d.\'[ B V( = \)J
ﬁlﬁ:Iog(log.\-).i(log_vhIog.\‘-ii'log(log,r)]
¥ dx dx dx*- -
dy i 1 1 d '
= —=y| log(logx).—+logx:- . log x
dx "{ og(logx) X el log x dx( : \)|
D \[l log(logx)+ l}
dx X X
D ogn) [ L '_2%_("_(*%-521
dx | X X

cos(acos x+bsin x
( ) , for some constant a and b.

Answer
Let y = cos(acosx+bsinx)
By using chain rule, we obtain

P _ icos(acosx +bsin x)
dx  dx

dy . . d .
= — =—sin(acos x +bsinx)-—(acosx+bsin x)
dx dx

=—sin(acosx+bsinx)- [u(—sin x)+bcos.\']

=(asinx~bcosx)-sin(acosx+hsinx)

5 (siny-cosy) T 3n
(sinx—cosx) R s
: 4 4

Answer




. S (siny—cosx)
Let y =(sinx—cosx)

Taking logarithm on both the sides, we obtain
log y = log[(_sin x-cosx)™ m”):]
= log y =(sinx—cos x)-log(sin x—cosx)

Differentiating both sides with respect to x, we obtain

% i—‘\ = % (sinx—cosx)log(sinx—cos \)]
1 dy ; d ;. \ d 2
= —— =log(sinx—cosx)-—(sinx —cosx)+(sinx—cosx)-—log(sinx - cosx)
y dx dx dx
| dy ; . ; 1 i \
= —— =log(sinx—cosx)-(cosx+sinx)+(sinx—cosx)-——————(sinx—cos x)
y dx : (sinx—cosx) dx

(I_V . [simx—cosx)
= — =(sinx—cosx)

. I:(cos x+sinx)-log(sin x —cosx)+(cosx +sin \)]
dx

=(sinx—cosx )':

o

dx

SINX=COsX ) (

COS X +8in .r)|:l +log(sinx—cos t)]

Question 10:

x

5 g La 3 Ly 4 o 3 1
x"+x’+a"+a" for some fixed 4> Yand x>0
Answer
Lety=x"+x"+a" +a"
Also, letx* =u, x" =v. a" =w, anda” =5
y=u +vV+wWw+s
dy  du dv dw  ds
==t wl1)
dv dv dx dy dy

X

e
= logu = log x"
= logu =xlogx

Differentiating both sides with respect to x, we obtain




1du_ Iﬂﬁ_-\"i'(-")"""“i(mgx)

u dx R dy
du i 1
= —=u|logx-1+x—
ey x
=5 di:.rr[lﬁgx+l]‘=x”(l+Iog.‘c) w 2]
dfx 2
‘.‘ = I\‘.;n’
dv d o,
S d_d ()
dy  dx’
(fl-" w1 -
= —=ax 3
dx { )
w=a

= logw =loga’

= logw=xloga

Differentiating both sides with respect to x, we obtain
1 dw d

S lopas o (x
w dx ey cl\‘(\)

dw
= —=wloga

dx
dw ; ,
= —=a"loga ..(4)
dx
s=a°

n N a .
Since a is constant, a” is also a constant.

s -(5)

From (1), (2), (3), (4), and (5), we obtain

dy 5 2 g
—l—'— =x"(1+logx)+ax“" +a" loga+0
dx

=x"(1+logx)+ax"" +a"loga




(=) sa

Answer
Lety=x""+(x-3)"

yi3 ©
Also, let w =x" " and v =(x—3)
SYSUHY

Differentiating both sides with respect to x, we obtain

dv du dv
— = (1)

dx dx dx

X* =3

u=Xx
~logu = Iog(.\“: ? )
logu =(x*-3)log x
Differentiating with respect to x, we obtain

1 du d 3 aYy ,1,_".1 Z
;.K_k,gx.a(_\ 3)+(x 3) dx(log.\)

s logy = Iog(.\'—3)‘:
= logv=x"log(x-3)

Differentiating both sides with respect to x, we obtain
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] d}' d 2 3 d e
;.E:Iog 1—3}-5(1* )+\ d,\:[lng(‘l— a):l
>——=] -3)-2 ¥ —(x-3
v ey ola—a)p 2 x=-3 e:a':(("l )

= j:r = v[ﬂxlug(t -3)+ :_ l}

Substituting the expressions of (/\ dx in equation (1), we obtain

EZ =x* ‘{"“;3 +2xlog.\‘}+("'_3)\: |: Yx‘s +2x lOg(~"_3)]

Question 12:

’f’ :

s _v=12(]—cosl)..\'=10(l—smt).—EE <t<X
Find dx | if v
Answer

[t is given that, y =12(1-cost),x =10(7—sint)

d\ d
A IO t—sint -IO r— int)=10(1-cost
5 dl[ S ):| sint) (1-cost)
dy
12(1=cost) |=12-—(1=cost)=12-| 0=(=sinz) [=12sint
dr dr[ ( \)] ( ) [ )]
dy mogaie oo 1
dy _\dr)_ 12sing_TEMRHTO% ‘_’m
Cdx (d.\_’] 10(1-cost) o262t 5 2
dt 2
Question 13:
dy

kil o L —
Finddrif ¥ =sin 'x+sin”' W1-x%, —15x<1

Answer




= 2
Lx+sin ' Al1-x*

: d—l:i[wm ' x+sin '\)’I—xﬂ

It is given that, y =sin

Cdx dr
3%:%(5&11 ’_r)+%(lsin 'H)

dy | | d{—
By ST S T
e J1-x* | v odx\ )

\
:>£= ; I +]_' ! 'i(]_x:)
de Ji-x x 2f1-x® dxt T
:’ﬂ: 7 l - + |1 = (‘_‘2.‘-}
dx Vi—-x 2xyl—-x
o S
G'.‘C \l'll —,‘C:: \,"] _x:
b
dx

If""“ +y+yJl+x= 0, f

or, —1 < x <1, prove that
dy 1

dv (1+x)

Answer

It is given that,

X+ y+yJdl+x=0




= xf1+y =—pfl+x
Squaring both sides, we obtain
2 (142) =3 (1+3)

> +xy=y +x’

=x -y =x’-xy
=>x' -y =x(y-x)
=(x+¥)(x—y)=xy(y—x)
LX+Y=—xy
=>(1+x)y=—x

-x

(1+x)

Differentiating both sides with respect to x, we obtain

F=

i)
dy (I—.\‘);:(x)-,\‘ :;\(I+x) o Fx)-x o
dx (1+x)° (1+x)’ (1+x)°

Hence, proved.

2 3

(x—a) +(y—-b) =¢ e>0,

If : , for some

d , y

prove that

dx” is a constant independent of a and b.

Answer

It is given that,("‘_a) Hy=h) =g

Differentiating both sides with respect to x, we obtain
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dx
= 2(x—a) ;’ (x—a)+2(y—b)-—(y-b)=0
oax ) o !
; 5 dy
=2(x-a)-1+2(y-b)-—=0
dx
dy  —(x—a)
—= ‘ il
dx y=b ( )

d’y _d|-(x-a)
R 1 .




-(}-' -b)- :Ilr (x—a)—(x—a)- c(llx (y-b)
(v-by

= 5o
=Y ={x—Z
(v=b6)—(x—a) .

=— ' — [Using (l)]

oY T i d) ; (y“bf*‘x‘af]z
l+[t1.:'] - [] (_}’—b):] ) l: (v __[,)-’

d’y _[(.v-h)"*-({."a)"} [o— b) +(x-a) }
(y-b) (y-2)

3

Loyl 6%

‘(.v—h) (v —b)

=—¢, which is constant and is independent of @ and b

Hence, proved.

Question 16:

dy cos’(a+y)

cos y = xcos(a +";)'with cosa # +1

If 1 prove that ¥ sina

Answer




It is given that, cos y = xcos(a+ y)

0.l - ST s

Lo [cos y]= = [xcos(a+y)]

= —siny D cos(a+y)- i(.7c)+x- 2 [cos(a+ t):|
" odx 7 dx dx ’

= —siny zz =cos(a+y)+x [— sin(a+ 1)] ZL

= [.r sin(a+y)-siny| il cos(a+y) (1)
- dx

Since cos y=xcos(a+y), x= cos y
cos(a+y)

Then, equation (1) reduces to

—_COS-V -sin(a+ y)-siny b cos(a+y)
cos(a+y) ' " dx .

= [cos y-sin(a+y)-siny-cos(a+ \)] : %L =cos’(a+y)
dx

=>sin(a +y - }.)ﬁi)j =cos’ (a+b)
dx
dy cos’ (a +b)
dx  sina

Hence, proved.

Question 17:
(i:_}’

x=alcost+rsint y=a(sintz—tcost) 3]
(- ) ang? =81 ),ﬁnd dx

If
Answer

and




It is given that, x = a(coss +rsins) and y = a(sinr — cosr)

dx e .
so—=a-—(cost +tsinr)
dt dt
g oy | d ..
=a| —sint+sint-—(r)+r-—(sint)
dx dt
=a[-sint +sint+tcost] = at cost
dy d,.
—=g-—(sint —rcost)
dr t

= c{cost—{cos!-%(l}ﬂ--}[cost}ﬂ

=al cost—{cost —rsint} | = arsint

dy’
cdy _\di)_atsint _

b — = tan ¢
dx [g] a cost
dt
d’'y d(dy d ; . di
Then, — =—[;‘ = (tan#) =sec? 1=
de”  dx\dx) dx dx
2 dx at |
=sgc ¢ — =qlcost => —=
ar cost (i dx  arcost
sec’ f 4
= O<r<Z
art
Question 18:

If‘/('\-) =|.r| , show that J ("')exists for all real x, and find it.
Answer

[x, ifx=0

1—_\', ifx<(

=
It is known that,

Therefore, when x = 0, f(x)=la =x

In this case, f'(,x') —3x*and hence, /"(x)=6x

When x < 0, -/‘(".)Zl-"g1 :(“‘-\’)1 =—x




Class XII Chapter 5 - Continuity and Differentiability Maths

f'(x)=-3x f"(x)=—6x

In this case, ° and hence, © ‘'

Thus, forf(-'r) 2‘3“1 ’j'"(._r)

[().\', ifx=0

exists for all real x and is given by,

" .\'i =,
/ ( ) l-().\‘, ifx<0
d iy
‘—(\ J =™
Using mathematical induction prove that dx : for all positive integers
n. Answer

1 N g ¥
To prove: P(n): (T(x” ) =nx"" for all positive integers n
dx
For n=1,
d
P(1)

' ax
~P(n) is true for n= 1

(x)=1=1u

Let P(k) is true for some positive integer k.

That is, eV
It has to be proved that P(k + 1) is also true.

Consider d (x“‘)z 2 (x-.\")

dx dx
sk B (x)+x- d (.x“) [By applying product rule|
dx dx : RS
=xtl+x-k-x*
=x" + kx'
=(k+1)-x*

= (k+1)- x4




Thus, P(k + 1) is true whenever P (k) is true.
Therefore, by the principle of mathematical induction, the statement P(n) is true
for every positive integer n.

Hence, proved.

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation,
obtain the sum formula for cosines.

Answer
sin( A+ B)=sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain

:‘ [sin (A+ b’)] = ;’\ (sin Acos B)+ :;; (cos Asin B)

= cos( A+ B)- L4 (A+B)=cosB- “ (sin A)+sin A- d (cos B)
dx dx dx

Siin B2 (cos A)+cos A- d (sin B)
dx dx
= cos( A+ B)—d— (A+B)=cosB-cos A a4 +sin A(—sin B)g’ﬁ
dx dx dx
. d‘ : +cos Acos B d@
dx dx

it o]
dx dx

+sin B(—sin A)

= cos( A+ B)- ad a8 (cos Acos B~sin Asin B)-
dv  dx

:.cos( A+ B)=cos Acos B-sin Asin B

f(x) g(x) h(x) £'(x) g'(x) h(x)
ay 7
y=| I m H T = |/ ] "
X
i b : 3 F 5
If “ ‘ , prove that d o ¢

Answer
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f(x) g(x) h(x)
y=| I m n
a b ¢

= y=(mc-nb) f(x)-(lc—na)g(x)+(Ib—ma)h(x)

Then, o _ (Z_ [(mc—nb) f(x)]- ‘(Z\_ [(le—na)g(x)]4 (Z‘ [(1b~ma)h(x)]

dx
=(mc—nb) f'(x)-(lc=na)g'(x)+(Ib-ma)h'(x)
f(x) g'(x) #(x)
=| f m n
a b c
f'(x) g'(x) A'(x)
dy
—=| [/ m n
dx
Thus i b &
acos ' x 2 1- .\': tl.‘.}..' -X (1—‘. - (I: v=>0
If'1’=€ .—] <x<l , show that (l\'“ ax ’
Answer

It is given that,” =€
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Taking logarithm on both the sides, we obtain

log v =acos  xloge

log y =acos™ x

Differentiating both sides with respect to x. we obtain

1 dy -1
——==ax
ydx ] - %2
if_l_ _—ay
dx 1—x?

By squaring both the sides. we obtain

Lﬂ\l‘ : ul_}-'l
er 1-x*

i 2 . (j}" ks T
:D'[I—x-] — —_—lf]-_'}-"_
\ dx )

-

(l —x? ][ z:r ] =a’y?

Again differentiating both sides with respect to x, we obtain

(&) &0t (4] |

= (J‘J (‘23‘)*‘(1—3":)* Zﬁ d" = (21_2_‘_,_@
d ' dx " dx® dx
3[£J (—2x)+(l—.t:):<‘2 ajl_d-'}‘ :a:.z'.\-’.ﬁ
dx e dx b’ dx
D—Xﬂ‘ﬂl—xl)d"}) =a’y [ﬂﬂ]}
dx *uly” e
i(]—.\':)d——%'— \@ —(;:_}; =)
a dx

Hence, proved.




