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LIMITS AND DERIVATIVE

Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class — XI)

Exercise 13.1

Question 1:
Evaluate the Given ~ limx+3  |imijt;

Answer 1:
limx+3=3+3=6

Question 2: -
Evaluate the Given limit: |im[ x— |

Answer 2:

7Y f
lim| x ——
B

X1
\

Question 3:
Evaluate the Given limit; limar’

l

Answer 3:

limar” = (1 )’ =n

Question 4:
Evaluate the Given limit;

Answer 4:
. 4x+3
lim

>4 x—2

Question 5:

Evaluate the Given limit:  |jm 2
vl x—]

Answer 5:

M xt 1 (—l)lu +(—])\ +1_1-1+1_ 1

lim
L | —-1-1
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Question 6:

Evaluate the Given limit: (X 1) ~!
voal) ‘

Answer 6:

Iim(-"'H) -1
$=+0 X
Putx+1l=ysothaty - 1asx— 0.

. (x40 =1 -
Accordingly. lim =lim-
T Ve

X y-1

.Y
=lim:
=1 -1

ey X =
o lim = na"”
i X—(

Question 7: 352 —x—10
Evaluate the Given limit: lim————

Answer 7:

At x = 2, the value of the given rational function takes the form.
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Question 8:

Evaluate the Given limit:  Jim-—~ >}
w3 2x" —5x—3

Answer 8:
At x = 2, the value of the given rational function takes the form.

. x' -8l C(x=3)(x+3)(x +9)
Sim —— lim - \ )
3 2x =5y =3 13 (x 3)(1\. +_])

(""LS)‘."': +())

2x+1

Question 9:

Evaluate the Given limit:

Answer 9:
ax+b a(0)+b ~

lim = et
=0 ex+1 e(0)+1

Question 10:
Evaluate the Given limit;

Answer 10:

lim—=
2zl

26 ]

0
At z = 1, the value of the given function takes the form. 0

Put z*=x sothatz —-1asx— 1.
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1 :
X" —1

, G T
Accordingly, lim———=lim
>l =l x—]|
=0 =1
'
=lim——
vl .\. - |

)&

Question 11: .
ax™ +bx+c¢

Evaluate the Given limit:  |jm == a+b+c#0
-l ex” +bx+a

Answer 11:

ax’ +hx+c u(l)" +b(1)+c

el ox” +hx+a ('(l):+h(l)+u

lim

a+b+c
a+b+c
| [u+h+c’¢()]

Question 12: l +

Evaluate the Given limit;  lim >
v-2 y P
Answer 12:
| .
oyt
5 |

lim &—=
x2 x+2
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At x = =2, the value of the given function takes the form. 9

' 0
+
> Y, A \ 2x J
Now, lim &—= = |im ——~
s SN~ D

T
lim —
-2 2x

Question 13:

. L . Sinax
Evaluate the Given limit: ~ lim

bx
Answer 13:

. sinax

[im

v by

0
At X = 0, the value of the given function takes the form  —
0

. Sinax . Ssinax ax
Now. lim = |im vt
0 by 0 gy bhx

"sin ax

X

{ a '\’

f
= Iim’

ax ) \b)

a. [sinax) ,
=—|lim| [.\' > 0= ax > 0]

h o All'|l\ ’- "’|
. Siny
lim——=1
>0y
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Question 14: %

. . . = na
Evaluate the Given limit; lim o a, b=0
vl S .\-

Answer 14:

. sinax
[im .a, bz(

voafl q'n /).\-
0

At X = 0, the value of the given function takes the form

(sinax
X ax

sinax I I ax )

Now, lim s
-0 8inhx 0 ( Sinbx )
% bx

bx )

. [ sinax)
[im ’
" a ’ )
v b)) .. (sinbx)
V7 lim|

bx=0\ by

x=0=ax—0

l

_und x>20=2br-50

. siny
{llm ~= I‘
N 27 ‘.

Question 15: : :
. - . sin(m—x)
Evaluate the Given limit;  lim——————+
o m(m-x)

Answer 16:
. sin(m—x)
llm-—————+
= r(mr-x)

Itisseenthatx > M= (M—%x) —> 0




Question 16:
Evaluate the given limit:

Answer 16:

. cosx cosl) 1
Im—=—=
vMr—-x -0 =

Question 17:
Evaluate the Given limit:

Answer 17:

. cos2x~1
[im ———
¥0. cos X —]

. cos2x
lim -
v20 cosx—1

1
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At x = 0, the value of the given function takes the form.

Now,
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s <
{cos x=1-2sin" ——1
B

-

Question 18:

Evaluate the Given limit:  lim -
w20 hsinx

ax+xcosx
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Answer 18:
. ax+Xxcosx
lim ———————=

v0 hsinx

0

At x = 0, the value of the given function takes the form.
0

Now,

. _ax+xcosx 1. x(a+cosx)
= lim——
=0 hsinx b0 §inx

~ —hm‘ . ’:-z lim(a+cosx)
0| sinx ] 0

——xlim(a+cosx)
sinx ‘

lim

| 1 X )

l,w<(u+c050) lim sinx [-‘
h N —pl) .\'

a+1
h
Question 19:
Evaluate the Given limit: li}q xsecx

Answer 19:

{ : 2 5 () ()
limxsecx=lim——=—-v===()
r-H0 0 cosx  cosl) ]
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Question 20: '
sinax + bx

Evaluate the Given limit:  |im>——"——= g ha+h =0
vl gy +sin bx

Answer 20:

: : 0
At x = 0, the value of the given function takes the form. 3
Now,

. sinax+ bx
hhm—"——
vl gx +sin by

sinax |
la.\' + bx

L oax )

=|im————

r—4) [ simnbx )

ax + h.\') l
 bx

[F e ARUEEX Y
| lim - xlim (ax)+ lim bx
L ay—»l! ax ) r—l) vl

- [Asx = 0= ax— 0 and bx - 0]

sin by ‘

limax+hm h,\'l lim

(=)

bx

lim(ax)+ lim bx Ny | J

- A=pl)

limax + lim bx

=l =3l

lim (ax + bx)
iz o
lim (ax + bx)
= /

=lim(1)
=1
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Question 21:
Evaluate the Given limit: |im(cosec x—cot x)

Answer 21:

At x = 0, the value of the given function takes the form. 90—
Now,

lim (cosec x - cot x)

l COS X ‘

=lim| ———
0\ sinx  sinx )

=lim| —
-0\ sinx

[ 1—-cosx l

(1—cosx )

sz ) X
= lim———=

COS X . sinx
=0 and lim = l}

X X
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Question 22:

. tan2x
hhm—-
\": X ;
2

Answer 22:

. tan2x
lim

»
=, the value of the given function takes the form
T I
X=—=Y x—>;.y—->()
so that -

Now, put

tan2| y +-
tan2x .. \
n = lim
= " 7 y =l v

2 X—

. tan(m+2y)
= lim————=
v —0) v

. tan 2y
= lim
v =i} \

. sin2y
= lim
v=0 y cOS 2y

(.. sin2y) .. |
lim % lim
W= 2y ] y=0{ cos2y )

2 l

2
1 x

cos()




Question 23:

i lim i 2x43,
Find -0 f(X) and Ik“],] f(x), where f(x)= [

13(x+1),

Answer 23:

[‘ 2x+3,

The given function is f(x) = “l 3(x+1)

lim f(x)=lim[2x+3]=2(0)+3=3

lim f(x)=1lim3(x+1)=3(0+1)=3
~Aim f(x)=lim f(x)=lim f(x)=3

lim f(x)= I|in‘|13(_,\'+l) =3(1+1)=6

x|

lim /(x)=lim3(x+1)=3(1+1)=6
vesl vsl

sdim f(x)=lim f(x)= Iin|1 f(x)=6
> =" r—s
Question 24:

lim ¢ f ,(“‘l -1, X5
Find 1 1(X), where (X):-\\\_'l_: ¢ g

Answer 24:

The given function is

Vidya Champ |13
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lim f(x)=lim[ ¥’ -1]=F-1=1-1=0
P | . r—l .
lim /(x)- lim[ —x* —1]=—P-1=-1-1=—
It is observed that lim f(x)+# lim f(x).

-+l r—»l" .

Hence, lim /' (x) does not exist.
¥+l a

Question 25:

Evaluate lim  f(x), where f(x) =

—+()

Answer 25:

s

The given function is f(x) = < x~

0,
lim f(x) hm P q

{ -\
; -X Cocs . ) :
= I|m| — ’ ’1 When x is negaitve. |\ =
) :

= tim (-1)
=—1

hm f(x)=Ilim m}

Yol X
| ) -

]

= hm( x| [When x is positive, |x| = .\']

0| y |
:Iml(l)

=1
It is observed that lim f(x)# lim f(x).

Hence, lim /(x) does not exist.
¥ —»l) . t
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Question 26:
Find ™ f(x), where f(x) =
Answer 26:

The given function is

lim f(x)=lim =
= o | T+

X 1
= lim | When x < 0, |x]=—x
'.Il:I‘]'V =0 l' 1€N X |\| \_‘]

- tim (1)

lim f(x)=lim

- -
=i — Wi x>0, |xl=x
jlth l: 1en x |\| \:|

= I..irlp‘ (1)

=1
It is observed that lim f(x)# lim f(x).
x—»l) y—»1) ;

Hence, lim f(x)does not exist.

¥ -l
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Question 27:

Find  lim f(x), where f(x) =[x~

Answer 27:

) o \‘|—5
The given function is f(X)=
lim f(x)=lim [|\ —5:'

=lim(x-5) [thn x>0, |x|= .\'}

lim £ (x)=lim(|x|-5)

= I.im (x-35) [thn x>0, |\| = \]

5

Lo lim f(x)=lim f(x)=0

Hence. I_in]f(.\') =0
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Question 28:

a+bx ifx<1
Suppose f(x) = {4, ifx=0,
b—ax, ifx>1

and lim f(x) = f(1) what are possible values of a and b?
x—1

Answer 28:

The given function is

a+bx, x<|
f(x)=14, =]

b—ax x>1

\“T Flx)= I‘in.)(u—h\') =a+b

!il,l'] f(x)= I‘in}(/w ~ax)=b-a

£(1)=4

It is given that l|n|1)‘(\) = £ (1).

,I_i’_],‘ f(x)= !i{ﬂ_ f(x)= lim f(x)=£(1)
—a+b=4andb-a=4

On solving these two equations, we obtain ¢ =0 and b = 4,

Thus, the respective possible values of a and b are 0 and 4.
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Question 29:
Let a1, a2, . . ., an be fixed real numbers and define a function

fX)=(x-a1) (x-az)...x—an) .

What is lim f(x) ? For some a # a1, az... an, compute lim f(x).

xX—>al x—a

Answer 29:

flx)=(x—-a)(x—a,)...[x—a,
The given function is’ )=t a )= ) o u').

lim /(x)=lim[(x~a)(x~a)..(x~q,)]
= |: lim (x—a, )}[lnn}(\ ~a, )}—Ilm, (x—a,)

=(a,—a)(a—-a)..(a,—a,)=0
sdim f(x)=0

-

Now, lim f(x)= lim[(.\' -a )(x—a,)..(x—a, ):

= [I\hl\{(_\- -a, )”llm (x—a, )]—lllll (x—a, )-I
=(a-q)(a-a,)...(a-a,)
I‘m}/(\) =(a—a)a-a,)..(a—a,)

Question 30:

(x[+1, x<0
Iff(x)= 40,  x=0

[\; -1, x>0
For what value(s) of a does lim f(x) exists?
x—a

Answer 30:

The given function is




x| +1. x<0
f(x)=10, x=0
_|.\'|— I, x>0
When a =0,
lim f(x)= lim (|x|+1)
=lim(-x+1)
=—0+1
=]
lim £ (x)=Tlim (|x|-1)
=lim(x—1) [Il'.\: >0, |x|= \:
~0-1
=—]
Here. it is observed that lim /' (x)# lim /(x).
= lim f"(x)does not exist.
When a <0,
lim f(x) = lim (|x|+1)

=lim(—x+1) [.\' <a<0= |x|= —x]

=—a+|
lim f(x)= lim (|x]+1)
= Iijn(——.\'+ ) [u <x<0= |.\' = —.\']

=—a+|

sim f(x)=lim f(x)=-a+]
[hus, limit of f (x)exists at x = a. where a <.

Whena>0

Vidya Champ | 1°
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lim /'(x)= lim (lx]-1)

| =lim(x—1) [()< x<a=lx|= .\']
=a-1

lim £(x) = lim (lx|-1)
=lim(x 1) [0< a<x=|x|=x]

=a-1
im f(x) = lim f(x)=a-1

Thus. limit of /'(x)exists at x = a, where a > 0.

Thus, |im /(\) exists for all & # 0.

Question 31: F(x)-2

If the function f(x) satisfies, lm}-ﬁ-T?-n evaluate linllf(x)
5

Answer 31:

f 2
lim———— ( ) = 7T
x—»1 l

Ilm(l (x)-2)

lun(\ ~1)
:>I1m(‘r(\) 2)= nllm(\ ~1)
= lim (f(x)- ):r(l‘—l)
= lim(f(x)-2)=
= limf(x)- l\nnZ:()

x—»l

= limf(x)-

Xl

sdimf(x)=2
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Question 32:

mx’ +n, x<0
f(x)=1nx+m, 0<x<I1 Forwhatintegers m and n does

nx’ +m, x>

lim £ (x) and lim f(x) exist?

v =

Answer 32: The given function is

mx- + i, x<0

Sx)=1nx+m, 0=sx=<1

nx’ 4+ nm, x> 1

lim £ (x)=lim(mx* +n)
P— ] L

=m(0) +n
=:13
lim £ (x)=hm(nx+m)
P— | d N —»f)
=n(0)+m
m.

Thus, l'iflp‘f(x) existsif M = n,

lim /(x)=lim(snx+m)

P | 4 y—»l
=n(l)+m
=m+n

lim f(x)=lim(nx’ +m)

v—al" e |
=n(1 ) +m
=m+n

Shm f(x)= lim f(x )= liln f(x).

Thus lim/(x) exist for any integral value of m and n.




Mathematics

(Chapter — 13) {Limits and Derivatives)
(Class XI)

Exercise 13.2
Question 1:
Find the derivative of x2- 2 at x = 10.
Answer 1:
Let f(x) = x> - 2. Accordingly,
f(10+ k)= £(10)
h
[(10+8) =2](10*-2)
=lim= =
fr»0) h
. 10242108+ -2-10" +2
=lim
freall /,
. 20h+ W
= lim —————

] /]

f'(10) = lim-

=lim(20+h)=(20+0)=20

Thus, the derivative of x2- 2 at x = 10 is 20.

Question 2:

Find the derivative of 99x at x = 100.

Answer 2:

Let f(x) = 99x. Accordingly, £(100-+ k) £(100)
h

. 99(100+A)-99(100)

=lim

=) h

. 99%100+994-99x100

m

=0 h

. 994

lim——

Ji—+l) l

=1im(99)=99

£'(100) = lim

Thus, the derivative of 99x at x = 100 is 99.




Question 3:
Find the derivative of x at x = 1.
Answer 3: . ’ ) f'(l')
Let f(x) = x. Accordingly, S(1)=1lim p -
1= 7
. (1+h)-1
= lim~——
fi—0) h

. 1
=lim—

-0 f
- lim(1)

=1
Thus, the derivative of x at x = 1 is 1.
Question 4:

Find the derivative of the following functions from first principle.
(i) x3 - 27 (i) (x-1) (x-2)

I ) x+1
(iii) — (iv) ¥ A
X
Answer 4:
(i) Let f(x) = x3>- 27. Accordingly, from the first principle,

f(x+h)—f(x)
h

[(x+h) =27]-(x"-27)
=lim= =
-0 h
. X +h +3x°h+3xh -x°
= lim -
fral) /7
. W +3x7h+3xh
=lim -
) /,

= Iim{/l3 +3x2 + 3,\'11)

S'(x)=lim-

=0+3x"+0=23x"




(ii) Let f(x) = (x = 1) (x = 2). Accordingly, from the first principle,

71(s)=tim L2207 1)
he h
(x+h=1)(x+h=2)=(x=1){x~-2)
h
(.\': +hx=2x+hx+h* =2h—-x—h+ 2)—(.\': —2X =X+ 2)

h

= lim

= |im
f1-at)

(h,\‘+ln‘+/f - Ih—h)
h
. 2hx+ht=3h
= [im ——

-3t /,

=lim
fy ()

=lim(2x+h-3)
Iy =t

=(2x+0-3)

=2x-3

(iii) Let

Accordingly, from the first principle,




flx+h)=f(x)
h
| |

(x+h) x°

h

i |-.': (x+h)
il | Z bR
fr—s0) h -\.-(.\. 3 h )‘

f'(x)=lim-

= lim
(1

= lim— - :
dan ! s (x+h)

-

I et =xt= - 2/1.\']

O
=lim—| ———
SUh| X (x+h)

. -h-2x
= I
U X (x+h)

0-2x -2

2 (.\‘—O): %
(iv) Let f(x)= \_*: . Accordingly, from the first principle,
X—

£(x)=lim f(x+h)=f(x)
h=0 h
|" x+h+l x+1 "]
\x+h-1 x-1)
h
[(x=1)(x+h+1)=(x+1)(x+h-1)
(x—1)(x+h-1)

=lim
=]




(.\': +hx+x—x-h- I) (,\': +hx=x+x+h- I’)—

(x=1)(x+h=1)

2h

o
= [im —

! !‘il’n{(.\,¥ ])(—;L /zl)J

) -2

B (x=1)(x—1) 3 (x- I_):

=0 | (x—=1)(x+ /]—I)_J’

Question 5:

For the function
100 99 2

X X
+—+x+1

TR

Prove that /' (1)=100/(0)

Answer 5:
The given function is




[} [

I
X X

f(x)=—+ R
100 99 2

d dx™ x* x’ |
—f(x)=—| —+—+.. 4 —+x+]
dx T odx| 100 99 2

d .\ d

ol PR (3 d(x) d,, d

— |++— +—(x)+—
99 | dx\ 2 | dx dx

(1)

dx’ % IW dx

\

. d ;. ; .
On using theorem T(\ )=nx"". we obtain
ax

E R ( _-;S
i;‘(x)='(’("‘ : 09 x y

dx’ 100 99
=X +X +tx+]
Lf(x)=x"+xT L+ x ]
Atx=0,
£(0)=1
Atx=1,
() =P+t lH =14 14+ 14 1] =1%100=100

Thus, f'(1)=100x £ (0)

Question 6:

Find the derivative of x" +ax" ' +a’x" 7 +...+a" 'x+a" for some fixed real number a.
Answer 6:




. n -l 2. .n-2 i1 n
Let f(x)=x"+ax"" +a'x" " +..+a" x+a

2 x)= (T(\ +ax" +a X"+ .+ a” '.1'+u')
dx

e (T/\(‘ )+ a(x

. (, o e | .
On using theorem o x" =nx"" . we obtain
dx

f(x)=nmx"" +a(n-1)x""+a (n=2)x""+..+a"" +a" (0)

=nx""+a(n=-1)x""+a’ (n=2)x""+...+a""

Question 7:

For some constants a and b, find the derivative of

(i) CASal, (X Q)-(iiia HB)= (i) ‘—/’
Answer 7: x—b
(i) Let £ (x) = (x — &) (x - b)

= f(x)=x"-(a+b)x+ab

(a+b)x+ab)

=i(.\';) (a+ /))i(.\') : i(ah)
dx dx dx

. ‘{ { .n ” .
On using theorem T(\ )=nx"". we obtain
ax

f(x)=2x—(a+b)+0=2x-a-b




(i) Let £ (x)=(ax*+b)
= f(x)=a’x' +2abx’ +b’

SN (x) = ((/ (cl".\"' t2abx’ 4 /7:)=u“ :/.[\'(.\.I ) b '_’u/?'(i.{‘.("’:) : :/i‘(h:)

Ay

- . (./ n | .
On using theorem T.\' =nx"",we obtain
ax

[(x)=a’ (457 )+2ab(2x)+57(0)
=4a’x’ +4abx
dax(ax’ +b)
(x—a)

iy Letf(x)= (x=b)

A 1(x—a)
=5 f (_.r):i— B
dx\ x=b)

By quotient rule,

(.\'—/7):; (x—u)—(x—u):{i(.\'—h)

f'(x -
f(x) (x—b)

E (x=b)(1)—(x—a)(1)
(x—b)

x=-b-x+a

(x-b)

N

(x-b)




Question 8:

X' =a"
Find the derivative of : for some constant a.
Answer 8: N=a
» x" -

Letf(x)=-
YA X—a

a"’

F n\
Xy

d

dc| x—a )

= f(x)=

By quotient rule,

(x—a) dl (x" ~a")-(x"-a") L (x—a)

7'(x)= dx : dx
‘ (\ - u)'

_ (.\'—c‘z)(_n.\""’ —0 )—(\ ~a")
(x—a)

] =1
ny —anx —X Ta

(x—a)

Question 9:

Find the derivative of

-

(i) 2x 3 (i) (5x3+ 3x - 1) (x - 1)
(iii) x3 (5 + 3x) (iv) x° (3 - 6x79)

(v) x4 (3 - 4x°5) (vi) S E
x+1 3x-1




Answer 9:

(i) Let £ (x)=2x

(i) Let F(x) = (5x3+ 3x - 1) (x - 1)

By Leibnitz product rule,

5x¢" 4 ’a\*—l)i(.\‘-l)nt(,\'—l)i(i\“1 +3.\'-~I')
ity g\ |

)=
(§1‘+~1—I)(I)+ 1—I)(\ 3x" +3-0)
( g 3.'—1)+(_.\=I)(IS.\':4—3)

~
b

3x-1415x" 4+3x-15x"

=20x" -15x" +6x -4

5x° 4

(iii) Let f(x) = x 3(5 + 3x)

By Leibnitz product rule,




(iv) Let f(x) = x° (3 - 6x79)
By Leibnitz product rule,

F(x)= .\';%(3—_ ")+ (s—()x ) [\)

:\"::() 6(-9)x~ () 6x” )(\\)

=x’ (54x7"")+15x" —30x'
=54x7 +15x* -30x~°

=24x7 +15x"

(v) Let f(x) = x* (3 - 4x7)
By Leibnitz product rule,




f(x)=x
=X l:() -4(-5)x" : .
=x7(20x°)+(3-4x7)(—4x7)
=20x"" =12x7" +16x7"

=36x"" -12x""°

12

2
(Vi) Let F () = o T

2 A g &)
-4 r
Ll d\ Xx+1) i  3x—1)

By quotient rule,

d d

) s (g d i o
I Ll Sy Wl Ll ¥
| (x+1) BE=1)

L

“(‘.\'-I)(U) Z(I)}_.(S.\' 1)(2x)~(x*)(3)
(

(x+1)

6x° = 2x—3x°
(3x—1)

Ix*=2x
(3x l)’w

\(»\

3x-1)

d
3x—1
dx (3 )




Question 10:
Find the derivative of cos x from first principle.

Answer 10:
Let f (x) = cos x. Accordingly, from the first principle,

S'(x)=lim- flx+h)-/(x)

h—=0 h

. cos(x+h)-cosx
= lim '
Jreald /,

=him —
=) h

~cosx(1—cosh)—sinxsinh
=lim
=) h

- COS X COS —Sin xsin /1 —cos .\'J

~cosx(l=cosh) sinxsinh
=lim -
fi=l) h h

( |—cosh'
=—COS .Y l—sm\llm‘
/

L”ﬂ’
| A0 h

. —-cosh . Si
=—cosx(0)-sinx(1) {l'lm I L/Og =0 and lim bl;‘ 12 1
L freat) ] i) 1

=-—sinx

L f'(x)=-sinx
Question 11:
Find the derivative of the following functions:
(i) sin x cos x (i) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x (vi) 5sin x — 6cos x + 7
(vii) 2tan x - 7sec x




Answer 11:
(i) Let f(x) = sin x cos x.

Accordingly, from the first principle,

f(x+h)=f(x)

'(x)=lim
£(x)=tim 2

sin{x+ h)cos(x+h)—sinxcosx

= lim
o h
[ 2sin(x+h)cos(x+h)—2sin .\'cos.\']

= lim
- 2h L

f

s Nipas s ¢ zom
= lim —| st(.\'+h)—st.\'J
h+ 20 -
.1,
=lim | 2cos sin
h—l) Zh‘ 2 2

2x+2h+2x . 2x+2h—2x]
4x+2h . ZIJJ

o
= lim—| cos sin
=) T 5 2

I
=lim—| cos(2x+h)sinh
h—sl) l;[ ( ) -I
=limcos(2x+4).lim Sll/] *
1= oy ’
=cos(2x+0).1

=COS2x

(ii) Let f(x) = sec x. Accordingly, from the first principle,




f(x+h)~f(x)
fr
. sec(x+/)—secx
=lim
=0 h
| 1

.
lim — -
cos(x+/) cosx

f'(x)=lim-

[ cosx - cos(x +/'),

cosxcos(x+h)
I 3\

’sin‘
2

\ -— J \ - /

. (x+x+h
—2sIn
\

fx=x=h)

lim—
cosx U i cos(x+4)

oo (2x+h) . [ h)
2sin sin | |
9] | )
\ - / o=

.1
dim — : '
cosxy o0 cos(x+/h)

=secxtanx




(iii) Let f(x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
Sx+h)—71(x)
h
(x+h)+4cos(x+h)—[5secx+4cosx]
h
[scc(.\~h)—scc.\ — [cos(,\ +h)—cos_\]

h=b h

=

= 5|iml l l f-41im lIicos(.\' /1) —cos ,\':I
=0 h| cos(x+h) cosx h=0

I _cos.\-—cos(.\-+h)

. , ;
} +4lim P [cos xcosh —sin xsin /1 —cos .\']
>0

cosxcos(x+h)

3 i {x+x+h) (x—x—h)
= —2sin S sm| |

‘ , . R
lim — ' +4lim—| —cos x(l—cos/)—sin xsin h]
cCoSXx i=0 cos(x+h) 1—0 h

-2 sinl{ St }sin’lv 4 |

A /S 4 *-{—cosxlvim

(1—cosh) . sin ki
cos(x+h)

- —sinxlim
h W9 R

+4|—(-cos.\-)_((>)-(sin x). I-‘

cos(x+h)

. (2x+h) soof )
sm‘ sm( l
3 \ 2 | 2
h
2

| lim ~———— lim —4sinx

cosx | =0 cos(x+h) "

5 sinx
— ——.1—4sinx
COSXY COSX

=Ssecxtan x.—4sinx




(iv) Let f (x) = cosec x. Accordingly, from the first principle,
f(x+h)—f(x)
h

J'(x)=lim-
f'(x)=1im : Lcosec(.\‘+/;)—cosec.\'J
' h=0 Jy

1 1

= lim - -
a0 | sin(x+/4)  sinx

. sinx—sin(x+#) »
= lim : -
a0 fi| o osin(x + A7) sin x
[ noofXx+x+hY . (x—x-h Y]
2cos| ‘~sm‘ |

= Iim—l = —
=0 hy sin(x+/7)sinx

0 N

“.‘I

(2x+h) . (
cos| sm| -

5
= lim Ay A
h0 sin(x+/)sin x

= lim - - :
sin(x+/)sinx
o
sin

/

(2x+h)
cos ’
= lim| — ~ =~ | lim

sin{x+/4)sinx | ",

o ‘ ~COsS X ’ l

Lsinxsinx

= —cosecxcot x




(v) Letf(x) = 3cot x + 5cosec x.

Accordingly, from the first principle,

gl )

e h

[(x)=

3cot(x+h)+ Scosec(x+ h)—3cot x —5cosec x

= him
h—0) h

=3lim »}—;[Lot (x+h)—cot .\]+ S1lim > [Losuc (x+h)—cosec .\]

|
Now, lim—|cot(x+#)—cotx
lim [ cot (x+ ) —cotx]
. 1| cos(x+h) cosx
= lim - = ——
o0 h| sin(x+h)  sinx |

= lim - -
a0 fy sinxsin(x+#)

[ cos (x+ /h)sinx—cosxsin(x+ h)w

afl sin(x—x-h) ]

=lim—| — .

hat h | sin xsin(x+ /1)_
[ sin(-h ]

= Iiml St )

(. sinh\[.. I
:—‘ lim ’ lim — - —
=0 k) | e sinxesin(x + )
| -]

i _ = ——— =—C0Sec"x
sinx-sin{x+0) sin~x




| .
lim /—[ cosec(x+ iz)—cuscch
14 Vo

5
I | I

=lm—| — -

0 | sin(x+h) sinx

[ sinx- -smn (x + h)‘

sin(x+ /A)sinx
.
Z { ¥4+x+h)
-um' -mﬂ
\ - / \ - /

sin(x+/A)sinx

( x=x=h)
)

2cos mn|~
B 4 |
\ - J \ -

(2x+hY . [ hJ

sin{x+/r)sinx

sin{x+/f)sin x

- COS

2x+h ) o O
’ 51N

/ \ 2

' \ - J ’ -

=lim| — —= [.hm——=
=0l sin(x+h)siny [P, (B

=
\ J \ =)

iff =cosx \I
3 l-\vsm xXsinxy ]

= —COSecx cot X
From (1), (2), and (3), we obtain

J'(x)=—3cosec”x—Scosec xcot x




(vi) Let f(x) = 5sin x — 6cos x + 7. Accordingly, from the first principle,

[(x)= l;'_':n f(\ +/llz - /(\)

ssa] ; ; .
=lim ; I:SSIH(.\' +h)=6c0s(x+h)+7-5sinx+6C0Sx~ 7J
1=pi) I

- . . -
At s fa ; LN | P (o vyl
= 51_111/—][\ \sin(x+h)=sinxj—6{cos(x+h) —meJ

R . o
:Dhm—[sm(.\'+h)—sm.\']—(whm»—[C()s(.\'+/1)—u)s.\']
=) 7 fi—l) h
R (x+h+x) . (x+h—-x) COS XCOS 1 —sin xsin /i—cos x
=5lim _cosl ] ’

sin ~6lim
=) h : J 2 J

h-al) h

ayioi] (2x+h) . h —cosx(l—cosh)—sinxsinh

=5lm—| 2cos sin— |—6Im
=l h 2 2 Jr—0) h

ra / “~
\

. h)
7 \ S i5 = . .
(2x+h)51M 5 ‘ | —cosx(l-cosh) sinxsinh
| ‘ ~ |—61lim ==

=5lim/| cos

h—l)

h h

\ I] =0
2

sin -

o] o (2x+h)|| .. % | (o P=COSHY v (SR
=5 Ilmcos‘ = [im e -6/ (—cosx) l|mT }—Sm.\'llm‘ ’
\ I 1 ‘ / \ /

\ o 7/ / \ /

=1 ) \ Ji—sll 1 = h

-

)

Scosx.l —6[(—&‘05.\').((>)—5in X IJ

=5c0sx+6sinx

(vii) Let f (x) = 2 tan x - 7 sec x. Accordingly, from the first principle,




vion v S x+h)=f(x)
PE=EE—

=lim [ tan (x + /1)~ 7 sec(x + /)~ 2tan x4 7secx |
M) ) |
- Iml :}(E{tun(.\' ¢ )~ tan .\'} 7 {sec(.\' +h)-sec \}u

ik [tan(.\' +h)—tan .r] i [sec(.\' th) sec.\']

0

=0 )

"Ilml Sin('\._h) L —7l|ml ! ]
0 fi| cos(x+/h) cosx #20 f1| cos(x+h) cosx

I _sin(.\‘ + /1) cos x —sin xcos (X 4 /I)— 1| cosx cos (x4 h) |
2hm— —7hm— :
>0 )y cosxcos(x+/h) w0 fi| cosxcos(x +h)

Ao x+xth . [ x=x—h)
—= SN ‘ > s ‘ |

\ / \
\ —_ J \ -~ /

sin(x+#h—x)
— [—7lim—
cosxcos(x+/h) A0 fp cosxcos(x+h)

Zsm‘ =

> S
fsinh ) | _
‘ —7hm—

=2hm -
) cos x cos(x + h) b0 fy cosxcos(x+/)

0l \ A

) 2x+h) )
N 4 bln \l" l |

2 :
7 llm » lim
b0 cOs X cos(x +h)

J
\ -~ /

| | lim- l
A0 B L ‘>cos\wq(\—h)

sinx |
. 2 || ’
COS X COS X SXCOSX

=2sec” X~ Tsecxtanx




Mathematics

(Chapter — 13) {Limits and Derivatives)
(Class XI)

Miscellaneous Exercise

Question 1:
Find the derivative of the following functions from first principle:
(i) -x (ii) (=x)*

7

(iii) sin (x + 1) (iv) cos’ X —‘:
. 8

Answer 1:

(i) Let f(x) = -x. Accordingly, f(x +h)=—(x+h)

By first principle,

f'(x)=lim Hett)-2(x)

h—0 1

—(x+h)—(-x)

= lim
h-al} h
. —Xx—h+x
=lim—-—-
h—»{) h

. —h
= lim—
[T h

=lim(-1)=-1

1)




\ -
(ii) Let f(x)=( N)IZ—I.'ZTI - Accordingly. t(Hh):(ﬂ‘&* h)

By first principle,
f(x+h)-1f(x)
h

1 =1 (=1
= lim— = —‘
h—l) h_x-}-h O

1 -1 1
=lim— L=
h-0h| x+h X

f'(x)=lim

= lim—| ————=
x(x+h)

l'—x+(\’+h)‘

1| =x+x+h
=lm—| ————
),.,nh | x(\"l’h)

; l{ h }
=lim—| ——
h—0 [ .\(X + h)

=lim— -
h .|!\(\+h)




(iii) Let f(x) = sin (x + 1). Accordingly, f(x+h)=sin(x+h+1)

By first principle,

f(x)=Ilim Ferl) 1)

"] h

—Pm%[\m(\+h+l)—sm(\+l)]

1 (x+h+1+x+1) .
= lim—| 2cos sin

h—0 h \ 2

—_— ( 2x h
=lim— 2cus[ - - \ll](—-)
bt |y \ 2 . VAY,

sin ‘

f

) 2Xx+h+2 2
= lim| cos .
h—sl) 2 ]
\ - /
[2 )

sin

(2x+h+2)

= lim cos| Inn
h—) \\ 9]

1)

2) f h
] Ash—)():s;—ﬂ)
7\+() . sinx }

=co\ Im— =

=cos(,\+l)

— »i)

(
\
h
2

; 3 () : ; : ( m
(iv) Lett(x)zcos[ x—gJ.Accordmeg, f(x+h)=cos ,\'+h—§
\ \

/

By first principle,




f(x+h)—1f(x)

h

Fx) = lim

| \
\

s '
= lim—| C()Sl x+h \ cos’ X —

h-a) h \ /

/ \ /
f {

T
X+h—=—+x- ’ X +h-—
\ I' Y

~2sin- 2Zsin

{ T ) : " h
| 2.\'+|]»__ .\|n| - | - h =
—sin| 4 || lim A ok Ash—>0=>—->0
2 b o ’ h ’ 2

.

& )




Question 2:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x + a)

Answer 2:

Let f(x) = x + a. Accordingly, [f(x+h)=x+h+a
By first principle, i . flx+h)=f(x)
S (x)=lim———— =
h
. xt+h+a—-x—a
=lim———
h—»0) h
= lim‘ ﬁ ’
-0\ h ]

=lim(1)

=1
Question 3:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

' . v o)
and s are fixed non-zero constants and m and n are integers): (,,_\-_(,)(:+_\.

A /

Answer 3: Let/(x) :(ﬂ\'*(/)l s

f'(x) (/).\'—q)’l %-&»x | +‘ %—s i(p,\'+(/)'

=(px+q)(rx™ +5)' +|: Lis II’(/J)
, C o )

=(px+ q)( x4 | Lts ’ p

(=r\ (r )
:(/7.\'“/)‘ = ’l{ kS| p

X X ]
S ol L

2 X

T /75‘




Question 4:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers)

Answer 4:

Let ./'(.\“)=(u.\-+hv]((:\‘+d)?

Py product rule, S(x)=(ax+ h)(;i(t.\' AHI)\ F(cx+ ¢1)4 < (ax+b)

¢ l\'

=(ax+b) Zz (X +2cdx+d” )+ (cx+ d)J i{f(ux +b)
dx ‘ dx

[ g3 5 Al i
=(ax+b)| - (C'.\" ) + d (2¢dx)+ % d” [+(ex+d) i ax + & b
L(/.\' - dx dx ¢

dx dx

= (ax+b)(2c’x+2cd )+ (ex+d* )a

=2c(ax+b)(cx+d)+a(ex+ d)2
Question 5:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

\ . ax+b
and s are fixed non-zero constants and m and n are integers):

Answer 5:
Let f(x)=

ex+d
ax+ b
ex+d
{ di;
(ex+d)—(ax+b)—(ax+b)—(cx+d)
dx dx

f'(x)= — ;
i) (ex+d)

B (ex+d)(a)—(ax+b)(c)
N ((‘,\‘+(./):

_acx +ad —acx - be

) (ex+d)

~ad—-be

7 (C‘\' +d ):
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Question 6:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

Answer 6:

5\‘+1

-, where x 20

By quotient rule,

d d
x—1 x+1)=(x+1 x—1
.f"(-\‘)=( )""'( _) (_,+ )"-“( )..\'i().l
(x-1)
_ (=)= (x+1)(1)

(x=1)°

x=l=x-1
=  x=0.1

(x=1)
2
- x#0, 1

T(x-1)
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Question 7:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): _ﬁ;
ax” +bx+c

Answer 7:

1

let  f(x)=———
ax“ +bx+c

By quotient rule,

(u.\'3 +bx+e) B (1)- z (m': +bx+c)
"dx dx ) :

f(x)

(ax® +bx + (-‘]:
(ax” +bx+e¢)(0)—(2ax+b)
) ( ax® +bx+c ) |
_ —(2ax+b)

(ax® +bx+c }

Question 8:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . ax+b
and s are fixed non-zero constants and m and n are integers): -

Answer 8: l)".-‘ X
> x4+
Let f(x) = ————
px-+qgx+r

By quotient rule,




(px* + q.\'+r) / (ax+b)—(ax+b) = (px* +gx+r)
/~v( _‘.) = dx dx

(px* +gx+r )
(/?.\': +gx + r)(u)—(u.\' +b)(2px+q)
( pxt gy + /'):

apx” + agx + ar —=2apx” — agx —2bpx — bg

(px*+gx+r)
_ —apx’ =2bpx+ar—bq
(px* + g+ r)-

Question 9:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): e Sid il 5
Answer 9: ax+b

- \ ) "‘ + AY + .
Letf(x)=2—£C
ax+b
By quotient rule,

(ax+b) @ (/).\': +gx +r)—(/.u': +qx+r) < (ax+b)
dx ' dx

./"(,\'): ((I.\‘+/?):

(""'”’)(2/-""“/)‘(/’-\“‘ +(/,r+r)(<1)

-

(ax+bh)
2apx’ + agx + 2bpx + bg - apx” — agx — ar

B (ax+b ):

apx” +2bpx + bg — ar

(ax+ h)“




Question 10:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

a b

and s are fixed non-zero constants and m and n are integers): — ——+C0sx
RY X

Answer 10:

1 b
Let/(x)= (—J ——+C0S X
¥ W

.,__1!"1-1"" d({ b)) c/‘_.
{{x)= == \—J } 2 ‘ = J+ (/T(u).\_\)

dip. i . gk d
=¢ X A_,’ -.- + .—A.'.
'ml\) 7ml1) e

=a(—4x7)=bh(-2x7" )+ (—sinx) P/(,v"): ny"'and ‘L(cos.\'): —sin.x
‘ ey dx

—4a 2h .
=——+——8inx
X X

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): 4y x —2
Answer 11:

Let /' (x)=4v/x -2

5 dt: ™ =\ d - d
xX)=—(dJx =2 )=—(4dVx)—-—(2
(=) (/x( ¥ ’ d.\‘{- V\') (/.\‘( )




Question 12:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)"

Answer 12:

\n

Let /' (x)=(ax+b)". Accordingly, f (x+h)={a(x+h)+b} =(ax+ah+b)
By first principle,
x+h)—7(x
/'(x)=hm [(x+h)-7 (%)
) h

. (ax+ah+b) —(ax+b)
=lim p

h->0) 7

ah

J -(acrry

(ax+b)" | 1+
"\ ax+b

h

1+ ah ]_]

ax+b )

h
- ( ) -1 ¥
=(ax+b) Ilm—]— Jl+n at J+”(” )( ah J +.4.l‘—l:I

=lim
h—l}

=(ax+h)" lim -
bl

10 7 l \ax+b |2 ax+b [
(Using binomial theorem )

[ ah ]+ n(n—1)ah’

ax+b [2(ax+b )"

=(ax+b) lim = n +...(Terms containing higher degrees of /)
hi-»0 J

1

" —1)a’}
=(ax+bh) lim{ n +”(” 4 ’+.}

=0 (ax+b) [2(.u.\'+/7):

ety [(q\wh) +O}

(ax+b)
(ax+b)

=na

= na(ax+b)""




Question 13:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™
Answer 13: Let f(x)=(ax+b) (ex+d)"
Fl=Cs B Ll d) s lord) " Zlawdl )
T odx dx

Now. let f; (x) =(ex+d)"
filx+h)=(cx+ch+d)"
f|.(’\'+h)_.f|.('\.)

h

(('.\‘ +ch+d ) —( ex+d )
h

—(cx+d)" lim~ L|+ o ] -1
o h| U ex v d

fi{x)= lim -

=lim
) 0

((.'.\'+¢/) 2 ((1\'-{-(/)1 I

2 [( . o~ | 4.‘2/13
=(cx+d) 1._illl]1 [|+ L +m(m ) ( ) ;'”]_IJ

0 h
L\

mch — m(m—=1)c’ i’

=(ex+d)" Iiml 5
=0 hh(L‘.\"“f'(I) 2(‘_-_\'-{-,_/)

(cx+d)" lim| "¢ +m('"—l)"3h+
e < E
n0| (ex+d) ?_(L;\‘-l'-(/.)k

=(cx+d ) [ e 4 ()_‘

ex+d

+...(Terms containing higher degrees of /1)

_me(cex+d)"
B (cx+d )

— IIIL'(L'_\' +d ) I

1.3 (ex+d)" =me(ex+d)"”
dx )

- { "
Similarly. (T(u.\'w-h) = na(ax+b)"
ax




Therefore, from (1), (2), and (3), we obtain

n m n-1 '

J'(x)=(ax+b) {/m'(c.\‘ﬂ/) l}+(c'.\‘+c/')"" {nu(a.\'+/)) |-

=(ax+b) (cx+d)" 'Iﬂmc(u.\'+h)+nu(c.\'*d)'j
Question 14:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin (x + a)
Answer 14:
Let JS(x)=sin(x+a), therefore f(x+h)=sin(x+h+a)
By first principle,
f(x+h)-7(x)

h

f'(x)=1im

. sin{x+h+a)-sin(x+a)
= lim - p
h—) I

e (x+h+a+x+a) . (x+h+a-x—-a)
=lim —| 2 cos| 'sin
ht' h \

o) i‘ o)

\ pa J \ -

2 4 (2x+2a+hY . (h)
= lim —| 2 cos| lsm’ |
=0 b N

sin
3 ( \ P
= lim cos|

2x+2a+h |
2 ) ’ ‘v, \

)]
sm' = ‘
2 )

. (2x+2a+h).. \
:Iuncos} S l[llll ’ = ‘

{As h—0= l: —> U}

cosl x 1
2 )

lim——
=

(2x+2a " sinx ‘

=cos(x+a)




Question 15:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): cosec x cot x

Answer 15:

Lot f(x)=cosec xcotx

By product rule,

x(cot x) +cotx(cosec x) (1)
Let /, (x) = cotx. Accordingly. f, (x+/)=cot(x+h)

By first principle, > " x - e

y p p »f| (.\')T'i|1] -/!(\ kl’) .ll(\)
B30 It

cot{x+#h)—cotx
h

‘cos(x+h) cosx |

=lim

=lim -
a0 k| sin(x+/#i) sinx

‘ 1
=lhim— - :
h— sinxsin(x+ /1)

[ sin(x—x—#h) J

h| sinxsin(x+#)
dim L5 im( = L
x k=0 sin(x+/#)

=0 sin (o + h’)‘ ’

sinxcos(x+/A)—cosxsin(x+ A ):|

= lim
1wt

',\sm(.\-+())/,’




Now, let f2(x) = cosec x. Accordingly, f,(x+h)=cosec(x+h)
By first principle,

b (x+h)- £ (x
b T ) e )
=0 ]
Ly =lim l |
~ !"I'l‘]']'/—’[coscc('\ur/’)_COSCC \-| el /lv sin(x+/#1) sinx

From (1), (2), and (3), we 1 [ sin _\._Sm(_\._/,)}

i = lim—
obtain w0 h| sinxsin(x+h)
‘ (x—x—h)

-

- / \ -

(x+x+h)
Zcosl S

sin|

| I g
—— lim— : =—
sinx 720 fa sin(x+ /)

- (2x+h) . (=h)
_cosl S |sin |

, lim— : -
sinx >0 f sin(x+#h)

(h) (2x+h)
] cos| ]
L 2 ) L 2

\ -

sin(x+ hi)_

(2x+h)
cos( 2261

sinx #=0 (A 0 sin(x+h)

sin x sin(x+0)
—1 cosx
sInX sSInXx

=-—cosecx.coty

~.(cosec x) =—cosecx.cotx




/"(x) = cosec x(—cosec’x ) + cot x(—cosec xcot x)

. | )
=—COsSec x —Col™ x cosec x

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

. . COS X
and s are fixed non-zero constants and m and n are integers):

Answer 16: | +sinx

: COS X
Let f(x)=—"—
| +sinx

By quotient rule,

(1+sinx) d (cosx)—(cosx) d (1+sinx)
dx dx

f(x)

(1+sinx)’

(1+sinx)(—sinx)—(cosx)(cosx)

(1+sinx)
_ —sinx-sin” x—cos” x

B (1+sinx)’

—sinx— (sin: X+ oS’ .\')

(1+sinx)

_ —sinx—|

(1+sinx)’

_ —(1+sinx)

(1+sinx)’
|

(1+sinx)




Question 17:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

, . SIN X + COS X
and s are fixed non-zero constants and m and n are integers): —————
SIN X —COS X

Answer 17:
2 SIN X+ Cos X

Let f(x)=———
SINX—COS X

By quotient rule,

(sinx—cos x) < (sinx+ cosx)—(sinx+cosx) g (sinx —cos x)
7'(x)= dx 4 dx
oA (sinx—cosx)

_ (sinx—cos x)(cos x —sin x)—(sinx + cos x)(cos x +sin x)

(sinx—cosx)

(sinx cos.\'): (sin.\'lcos.\"):

(sinx—cosx)

- Lsin" X+C0S8” x—28INXCOSX +SiN~ X+ oS~ x + 28in xcos _\'J

(sinx-cos .\'):

-[1+1]
(sinx—cosx)

(sinx—cosx)’




Question 18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
! ) secx~1

and s are fixed non-zero constants and m and n are integers): ———

Answer 18: I secx+1

: secx 1 .\ _ COSX E _l-cosx
Let /(x)=5270 f(x)=gose - 250
secx+1 4 1 +cosx

By quotient rule, COS X

(I+cosx) s (I-=cosx)—(1-cosx) g (I+cosx)
dx dx

f'(x)=

(1+cosx)’
~(I+cosx)(sinx)—(1-cosx)(-sinx)
(14 cos.\'):
SIN X + COS X SIN X + SIN .Y — S11 X COS X
(1+cosx)’
2sin x
(1+cosx)
2sinx
I

secx /

"lo

2sinxsec” x
(secx+1)
2sinx

secy
COS X
(secx+1)

2secxtanxy

(secx+1)




Question 19:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin” x
Answer 19:
Let y = sin" x.
Accordingly, forn =1, y = sin x.
dy : d

. ——=CO0SX, .., —SINX=CcosX
dx dx

Forn =2, y = sin? x.
dv d . Z
S ——=—(sinxsinx)
dx dx
=(sinx) sin x+sinx(sin x) [B_\‘ Leibnitz product rulc]
= COS X Sin X +Sin X COS X
=2S5INXCOS X
Forn = 3, y = sin? x.
dv d . i
So—= —(sm xsin x)
dx dx
- ! - 2 . . 2 \/ - .
=(sinx) sin” x +sinx(sin” x) [ By Leibnitz product rule]
= cosxsin” x+sin x(2sin xcosx) Using (1)
= cos xsin® x+ 2sin’ xcos.x

=3sin” XCosx

Fipn & < (n1
We assert that (7-( s’ .\') = IISIH( i XCOSXY
“x

Let our assertion be true for n = k.




0 AT I . (&-1
i.e., —(sin" x)=ksin"" xcosx
T odx

Consider

: A-r__d 9 e
(/_\.(bm -\)—dx(bm,\sm ‘\)

=(sinx) sin® x +sin x(sin" x) [By Leibnitz product rule|
¢ ‘ i ¢ r

= COsxSin’ x+sin .\'(ASln' X COS .\') | Using (2)]

=cosxsin’ x+ksin' xcosx

=(k+1)sin" xcosx

Thus, our assertion is true forn = kK + 1.

. . . d < a . (n-1
Hence, by mathematical induction, T(sm x)=nsin"" xcosx
oy

Question 20:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
+bhsinx

and s are fixed non-zero constants and m and n are integers): e
Answer 20: c+dcosx
., 1+ bsinx
Letf(x)= = ,

c+dcosx
By quotient rule,




(¢+dcosx) ‘/I (a+bsinx)—(a+bsinx) (// (c+dcosx)
(A} ax

(c+d cns.\‘):

_(c+dcosx)(beosx)—(a+bsinx)(—dsinx)

(c+dcosx )"

chcos x + bd cos™ x + ad sin x + bd sin” x

(c+dcosx)

he cos x + ad sin x + /u/(cns" x+sin” .\')

(c+ (/CUS.\‘):

becos x+ ad sin x + bd

(c+dcosx)

Question 21:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
_ _ sin(x+a)

and s are fixed non-zero constants and m and n are integers): —————=

Answer 21: Cos x

. sin(x+a)

Let £(x)= 2
COS X

By quotient rule,

dr. ; d
COSX——| sm(.\'+u)]—sm(x—'u) COS X
dx - dx

COS X

cosx? [sin (x+ (I)] —sin(x+a)(-sinx)
dx -

cos” x
Let g (x) =sin(x+a). Accordingly, g(x+4)=sin(x+h+a)

By first principle,




i ¥+ )~ g(x)

fe—() /)

g'(x)

]
lim —

h—0 h

[Sin (x+h+a)—sin(x+ u)_|

(x+h+a+x+a) .
sin

(x+h+a-x-a)

B
=lhm-—

Ji—=»l) h

chﬂ
\ 2 70 )

A / \

5 (2x+2a+h) . (
2cos| \sin
\\

sozi
=lim
Jr-»l) ,’

\ )
/

=lim| cos

Jral)

. h
sm| =
</

2x+2a+h }
2

. (A
> : Sm‘
(2x+2a+h) .. \ 2

}.lll‘ﬂ {
)il (A ‘

\ 2

= lim cos

) \

/

2x+2a )

cos 224
') J

=cos(x+a)
From (i) and (ii), we obtain
cosx-cos(x+a)+sinxsin(x+a)

£'(x)-

_cos(x+a—x)

cos™ X

cos™ X
cosa

COoS™ x

i /
AS h—»():)’—)()

'1

}




Question 22:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): x* (5 sin x - 3 cos x)

Answer 22:
Let
f(x)=x"(5sinx—3cosx)By

product rule,

F(x)=" Tl(\sm\ 3cosx)+(Ssinx -—:;C()S.\')i(.\'l)
x -\

d :
=X {\I(sm x)- »I(ws x) |+ (55|n.\'—3cos.r):7-/\.(.\'4)

= [SLob\—a( >|n\)]+('55in_\'—_’»cos.\')(-l.\‘:)
<[5

Sxco >\+s\sm\+°0~.m\—|"CO>\]

Question 23:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x> + 1) cos x

Answer 23:
Let f(x)= (‘.\"’ +|)cos X
By product rule,
; o d S
f(x)=(x"4 l)‘—(cos.\') ‘ Cus.\"—(.\" F1)
"dx dx
=(x” +1)(=sinx)+cosx(2x)

=—x"sinx—sinx+2xcosx




Question 24:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + g cosx)

Answer 24:

Let
f(x)=(ax’+sinx)(p+gcosx)By
product rule,
i s d di 5. .
f'(x)=(ax" +sinx)—(p+gcosx)+(p+gqecosx)—(ax’ +sin x)
dx dx
=(ax’ +sin \)( —gsinx)+(p+qcosx)(2ax+cosx)

= —gsinx (lu.\"‘ +sinx ) +(p+gcosx)(2ax+cosx)

Question 25:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x+cosx)(x—tanx)
Answer 25:

Let /(x)=(x+cosx)(x—tanx)

By product rule,

f(x)=(x+cosx) 2 (x~tanx)+(x—tanx) 4 (x+cosx)
dx dx

:(,\'-cns.\')L q (x)- 4 (tan x) |+ (x—tanx)(1—sinx)
dx dx

(x+cos ‘\‘)[I & tanx |+ (x—tanx)(1—sinx)
dx J :

Let &(X)=tanx  Accordingly, &(¥+/)=tan(x+h)

By first principle,




y(x+h)—g(x
g'(x)=lim 8(x 1/) g(x)
fp—1) 7

[ tan (x+h)—tanx ‘
' h

lim ] I sin(x+Ah) sin ,\‘]

ho0 k| cos(x+h) cosx

= lim

h—0

i I—sin(.\'+h)cus.\'—sin.\'cos(.\'+/z)
= lim —
=0 fy cos(x +h)cosx
. —sin(.\'+h—.\')
Jim
cosx "0 h| cos(x+h)

] . l— sinh
—. lim— ———
cosx "= k| cos(x+h)

(. sinh) (..
| lim ' lim -
0 /, ) ‘;v

cosy |\ b 0 cos(x+ lz)_J

1 1

cosx  cos(x+0)

Therefore, from (i) and (ii), we obtain
1'(x)=(x+cosx)(1-sec’ x)+(x - tan x)(1-sin x)
=(x+cosx)(~tan® x )+ (x—tanx)(1-sinx)

=~tan’ x(x+cosx)+(x—tanx)(1-sinx)




Question 26:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

, _ 4x+5Ssinx
and s are fixed non-zero constants and m and n are integers):

3x+7cosx
Answer 26: L GROR

7(x)= 4x+5sinx
Let S 3x + Tcos x
By quotient rule,

(3x+7cosx) (/l_ (4x+5sinx)—(4x+5sinx) (//_ (3x+7cosx)

‘/"(-\.): (A} ax

(3x+7cosx)

(3x+7cosx)| 4 ;I.(.\')+5 ;/ (sin .\')}—(4.\'+531n .\'){3 (i{ x+7 d_ cns.\}

dx dx dx dx

(3x+7cosx)’
_(3x+7cosx)(4+5cosx)—(dx+5sinx)(3—7Tsinx)

(3x+7cosx)’

12x+15xcosx+28cosx+35¢c0s” x—12x+28xsin x —15sin x +35sin” x

(3x+7cosx)’

15xcos x +28cos x + 28xsin x—15sin x + 35(cos” x +sin” x)

(3x+7cosx)

35+ 15xcosx+28cosx+28xsinx—13sinx

(3x+7cos .\')"
Question 27:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):
3

2 [
X COS‘
\4)

sinx




Answer 27:

2 i)
.r'cosl 1
f(x)=—

sin x
By quotient rule,

sinx g (x%)-x 4 (sinx)
f(x)= cos—. dx dx

sin” x

T |sinx-2x—x" cosx
= COS—.|

sin” x

n ot
X COS 4 [_ SInx - .\'COS.\']

sin” x

Question 28:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): I—
+tan x

Answer 28:

: X
Let f(x)=-
|+tan x

(1+tanx) = (x)-x (I/ (1+tanx)
. =

Y = dx
) (1+tanx)’

(1+tanx)—x- ‘;"(I ¢ tan x)

7'(x) = da

(1+tanx)’

Let g(x)=1+tanx. Accordingly, g(x+/h)=1+tan(x+h).




By first principle,

g'(x)=lim

g(x+h)-g(x)

fr=()

h

= lim
)

Iim-l—
b0 h

= Iim-l-
h—l) /'

)
=lim—

1=

I
=lim—
Y /)

| sin(x+4)

I+tan(x+h)—1—tanx
h !

Sin x

cos(x+h)

COS XY

sin{x+/)cosx—sinxcos(x+4) ‘

[ sin(x+h- x)

cos(x+/h)cosx

cos(x+h)cosx

sin f

cos(,\' +h)cos x

0 cos (x4 h)u)s\ J

=8ec” X

COS™ X

p—

dx

From (i) and (ii), we obtain

—(I+tanx)=sec’ x

f(x)= | tain = sec i

(1+tanx)’




Question 29:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x + sec x) (x — tan x)

Answer 29:

Lot (x)=(x+secx)(x—tanx)

By product rule,

; 1
f'(x)=(x+sec .\')i(x— tan x) + (x - tan x)— (x +sec x)
‘ dx dx '

=(x+secx i(.\')—itan.\'}'(.\‘—lzm \){i(\)* a SCCJ
A ' | dx dx |

| dx dx

=(x+secx) 1- —;I— tan .\'—’+(.\'— tan ‘\'){] - & sec .\'l

dx dx

Let f, (x) = tanx, f,(x)=secx

Accordingly, f,(x+h)=tan(x+h) and f,(x+h)=sec(x+h)




12 ()= tim{ SR =AG))

Jiesl) \ h

=lim
'|'4.| II J

\ /

[ tan(x+h)—tanx \l

| tan(x+h)-tanx
=lim
h—0 h

. 1| sin{x+h) sinx
=lm -
=0 h| cos(x+h) cosx

sin{x+h)cosx—sinxcos{x+h)

2]
=lim—
h=0 hp cos(x+h)cosx

; | sin(x+h—x)
=lim ' :
W0 b | cos(x+h)cosx

: sinh
= lim—
=0 h| cos(x+h)cosx

(. sinh)|..
= | lim—— | lim
\»=0 k)| 0 cos(x+h)cosx |

| .
=1% — =8ec” X
COS™ X
d >
= —tanx=sec” x
dx




/_ (\) = !v‘i]}‘!"‘ /s (‘\. +/'/) —.J (\) |

|" sec(x +/I)—SL\,,\‘ ‘

= llm— :
c.os( x+Hh) cosx
~ lim [ osv—cos(x +h)}

cos(x+/M)cosx

_—Zsinl x4+x+h | ; | x=—x—h)]
\

o
Jim—

cos(x+/1)

( 2x+0Y . (=N
—2sm| I-sm| |

cos(x+/1)

sm[ ! ||
sml' 2 el ) |A.' NS i

cos(x+ /1 )

. [
sin
2

l fe—0)

(2x+/1 ) !
lim sm' >< lim
2 )| l ;

limcos(x+/1)
sinx. 1
X.

COS X

17
— —SeCx=Ssecxtanx
dx




From (i), (ii), and (iii), we obtain

£'(x) = (x+secx)(1-sec” x)+(x—tan x)(1+secxtan x)

Question 30:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): —
Answer 30: Sin- x

& X
Let f(x)=—
Sin X

By quotient rule,
gy ol
sin” x

f(x)=—2%

sin”’ x

' J -2
It can be easily shown that I—S'" X=nsm  XCOSXx
ux

Therefore,
d

sin” x
f'(x)=—"&

sin”" x

) f R |
sin” x.1— ,\'( nsin” ' xcos 4\')
sin”” x

o | .
sin”” x(sinx—nxcosx)

sin™ x
SIN X — 12X COS X

- n+l

sin”™ x




Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class — XI)

Exercise 13.2 (Supplementary)

Evaluate the following limits, if exist.

. . e4x_1
Question 1: lim
x—0 X

. e4x_1
Answer 1: lim

[ Wherey =4x |

[Using lim &=t = 1]
y—=>0 Y

Question 2:

Answer 2:

X

[Using lim © _~=1]

x—0x

X _ .5
Question 3: lim &—¢
x—5 x—5

. eX¥—¢gb
Answer 3: lim
x—5 X5

Putx=5+ h,thenasx— 5= h — 0.Therefore




Question 4:

Answer 4:

Question 5:

Answer 5:

[Using lim © _~=1]
h—0h

esinx_q

[Where y = sin x|

[Using lim <=t =1and limS"¥_ 1]
y—=0 ¥ x—0 X

lim £=¢°
x—»3 x—3

x _ 53
lim & =2
x—3 x—3

Putx =3+ h,thenasx— 3= h — 0.Therefore




[Using lim © __=1]
h—0h

Question 6: lim x(e*=1
x—0 1—cosx

. xX__
Answer 6: lim x(¢*~D
x—0 1—cos x

=lim* (e*-1) x 1+cosx |, x

x—0 1—cos x 1+cosx x

(e*-1) 1+cosx 2

= lim

X 2
X0 . 1 1—cos“x

(e*=1)

= lim
x—0 X

x_ J . 1
=1 (e*-1) x lim 1+cos x % |im
x—0 x x—0 1 x—0 ,sinx
@)

=1x(1+1)x - [Using lim “'=1andlim " = 1]

11 x—0 x x—0x

] . loge (142
Question 7: lim-2ge 1420

x—0 X

. lo 1+2x
Answer 7: lim—2ge =22 ( )

x—0 X

. loge (142x)
=lim™ %
x—0 2x

X 2




= lim2ge ) o [Where y = 2x]
y=0 y

=1x2 [Using Jim- 22 ) 1]
y—=0 y

3
Question 8: lim g (+x?)
x—0 sin3x

3
Answer 8: lim g d+x)

x>0 sin3x

. log (1+x3) x3
m-———-
x—=0 sindx x3

. log (1+x3) x3
1m 3 —3
*=0 x sin’x

= lim 29 O x lim __ ! [Where y = x3]

y x—0 (sinx x)3
X

[Using lim 290 _ 1 gnd lim snx _ 1]
y—0 y x>0 X
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